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Abstract. Let a and lc be locally finite positive Borcl measures on K" with 
no common point masses, and let R" be the vector of Q-fractional Riesz trans- 
forms on R" with < a < 1. Furthermore, assume as side conditions the a- 
functional energy condition and its dual. Then we show that R™ is bounded 
from (<t) to (oj) if and only if the and cube testing conditions hold 
for R^. Moreover, if T" is a standard a-fractional Caldcron-Zygmund opera- 
tor on R", then is bounded from (^r) to (uj) if A2 , the cube testing 
conditions for T", and the a- functional energy conditions all hold. Conversely, 
if R" is bounded from (a) to (lo), then the A2 condition holds. 

The innovations in this higher dimensional setting arc the Monotonic- 
ity Lemma using special Ifaar functions, the necessity of the A2 conditions, 
and the extension of certain one-dimensional arguments to higher dimensions. 
The main obstacle in higher dimensions is thus identified as the pair of func- 
tional energy conditions. The arguments of our indicator/interval paper with 
M.Lacey, along with the argument used by M. Lacey in his recent solution of 
the NTV conjecture, are then adapted to higher dimensions. However, as the 
arguments are intricate and technical, we give here an expanded version of the 
proof that includes additional detail for some of the arguments already in the 
literature. 
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Preface 



In this paper we prove a two weight inequahty for standard Calderon-Zygmund 
operators T in Euchdean space M", where we assume a side condition, namely 
the functional energy conditions. More specifically, we show that for locally fi- 
nite Borel measures a and lj with no common point masses, and assuming the 
functional energy conditions (sec Definition [TH] below or e.g. (LaSaShUr2] ). a 
standard Calderon-Zygmund operator T is bounded from Li^ (tr) to (w) if and 
only if the A2 conditions and the following cube testing conditions all hold: 

/ |T(lQcr)pa;< / do- and / |r*(lQw)pCT< / dw, 
Jq Jq Jq Jq 

for all cubes Q. This result extends also to standard a- fractional singular integrals 
in the range < a < 1, and clearly identifies the culprit in higher dimensions as 
the pair of functional energy conditions. While these conditions are necessary in 
dimension n = 1, we do not know if they are necessary when n > 1. Finally, we 
point out that the functional energy conditions are implied by essentially all of the 
other side conditions used previously in two weight theory, in particular by the 
Energy Hypothesis (1.16) in |LaSaUr] . 

The recent proof by M. Lacey |Lac] of the Nazarov-Treil-Volberg conjecture for 
the Hilbert transform is the culmination of a large body of work on two- weighted in- 
equalities beginning with the work of Nazarov, Treil and Volberg ( |NaVo| . jNTVlj . 
}NTV2j . |NTV4j and |Vol| ) and continuing with that of Lacey and the authors 
( [LaSaUrl] . [LaSaUr] . [LaSaShUr] and |LaSaShUr"2] ). just to mention a few. 
See the references for further work. For the convenience of the reader, we include 
an expanded version of our paper joint with M. Lacey |LaSaShUr2| on the indica- 
tor/interval characterization for the Hilbert transform, and an expanded adaptation 
to the Riesz transforms of Lacey's subsequent solution to the NTV conjecture for 
the Hilbert transform |Lac| . More precisely, we present the proof our result in two 
parts. 

(1) In Part 1 we expand the proof of the indicator /interval characterization 
of the two weight inequality for the Hilbert transform obtained by M. L. 
Lacey, E. T. Sawyer, C.-Y. Shen and I Uriar te-Tuero |LaSaShUr2] . Our 
presentation is taken from a preprint |Sawj posted in 2012 on one of the 
author's websites, and presents the proof in a slightly different way using 
a parallel triple corona. 

(2) In Part 2 we consider standard singular integrals T, as well as their a- 
fractional counterparts T", and begin by proving the necessity of the A2 
condition for the boundedness of the vector of a-fractional Riesz trans- 
forms R", and a Monotonicity Lemma using special Haar functions. These 
are the main innovations in this paper. We then adapt the arguments in 
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Part 1, and the clever stopping time and recursion arguments of M. Lacey 
[Lac], to prove our theorem. 
The basic idea of the generahzation is that ah of the decompositions of functions 
are carried out independently of a, while the estimates of the resulting nonlinear 
forms depend on the a-Poisson integral and the a-energy conditions. We now 
describe our theorem in the case a = for standard singular integrals. 
For any cube Q and any positive Borel measure /i, let 



P(Q,m)=/ 7 7TI+T'^A*(2^) 

[\Q\- + \x~xq\ 



be the Poisson integral of /i at the point (xg, \ Q\) in the upper half space 
We also let 

\ 2 



X 




dn{x), X = (xi, ...,!„) . 



be the orthogonal projection of the identity function x : M" — > M" onto the vector- 
valued subspace of (B^^iL'^ (/i) consisting of functions supported in / with ^-mean 
value zero. Let Q" denote the collection of all cubes in M". A more general theorem 
for fractional singular integrals is stated and proved in Part 2. 

Theorem 1. Suppose T is a standard C alder dn-Zygmund operator on M", and 
suppose that lj and a are positive Borel measures on M" without common point 
masses. Furthermore, we suppose that the functional energy constants ^ and 
defined in Definition \18\ below (with a = 0) are finite. Then 

(1) The operator Ta is bounded from (a) to (uj), i.e. 

and moreover 



m<C[ ^jAi + A\ + T + X* + ;? + 



provided that 

(a) the two dual A2 conditions hold, 

A2 = sup P (Q,a) < 00, 

a; = sup M^p(g,,,) <oo, 

QeQ" 1^1 

(b) and the two dual testing conditions hold. 



1^ = 



Q 

Qe 



(2) Conversely, suppose {Tj}"^^^ is a collection of Calderon-Zygmund opera- 
tors with standard kernels {Kj}'^^^, and that there is c > such that for 
each unit vector u there is j satisfying 

(0.1) \Kj{x,x + tu)\>ct^'\ teR. 
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Furthermore, assume that each operator Tj is bounded from (a) to 
{uj), 

ll(r.)./|L.(.)<^ll/IL^(.)- 

Then the two dual A2 conditions hold, and moreover, 
^A2 + Al< COT. 

Acknowledgement 1 . We thank Michael Lacey for showing us a counterex- 
ample to the Monotonicity Property as formulated in the first version of this paper 
on the arXiv, and also for pointing to a problem with the summing of Poisson tails 
in the third version of this paper on the arXiv. 



Part 1 



Indicator/interval testing for the 
Hilbert transform 



In this first part of the paper, we reproduce an expanded version of the in- 
dicator/interval characterization obtained in |LaSaShUr2] by M. L. Lacey, E. T. 
Sawyer, C.-Y. Shen and I. Uriarte-Tuero. This 71 page expanded version [Saw] was 
created in March 2012, posted on one of the author's websites, and then a slight 
revision reposted in September 2012. 



CHAPTER 1 



Introduction 



We give a version of the proof, with expanded details and additional back- 
ground, of the real variable characterization of the two weight inequality for the 
Hilbert transform given in |LaSaShUr2) by M. L. Lacey, E. T. Sawyer, C.-Y. 
Shen and I. Uriarte-Tuero. There is also a slight reorganization of the proof as 
given in |LaSaShUr2| . All of the arguments here are due to Lacey, Sawyer, Shen 
and Uriarte-Tuero, but any errors, omissions and/or confusion introduced into this 
expanded version are due to the last three authors alone. 

Let Hu {x) — /jj ^^3^ be the Hilbert transform of the measure v. The principal 
value associated with this definition need not exist in general, so we always under- 
stand that there is a fixed standard truncation of the kernel in place here. Given 
weights (i.e. locally bounded positive Borel measures) a and uj on the real line 
K with no common point masses, we characterize the following two weight norm 
inequality for the Hilbert transform, 

(0.2) / \H{fafu<m[ feL^a), 

uniform over all standard truncations of the Hilbert transform kernel. A question 
raised in jVol| . which we refer to as the NTV conjecture, is whether or not (|0.2p 
is equivalent to the following necessary conditions (see |NTV4j and |LaSaUr] for 

the necessity of ^2 < 00), 

(0.3) P(/,^)^ < A2, ^-^P{I,u:)<A2, 

called the A2 condition and the two interval testing conditions. A weaker conjecture 
is the indicator /interval NTV conjecture in which the interval testing conditions 
are replaced by the indicator/interval testing conditions 

J^\HilE<7)\'L,<^l^\Il, j^\H{lEUj)\^a<{1Uf\I\^, 

for all E compact C / interval. Note that E does not appear on the right side 
of the inequalities, and that for a positive operator H, the indicator/interval and 
interval testing conditions are the same. It is an elementary exercise to establish 
the equivalence of the indicator/interval testing condition with 



(0.4) 
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for all intervals / and functions / with |/| < 1. Indeed, given g & {to) and / an 
interval, define Fg r = ■ Then we have 



sup 

I/I<1 



sup 



sup 



I/I<1 llslll,2,^,<l 



/ H{xiguj)f(7 = sup / H {xi9^) Fgja 

Jl Ilslli2(^)<l"'/ 



sup sup 

llslll,2(^)<l|/l<l 



sup / H {xjFgja) guj < sup / H (xjFgja) uj 

llslll,2(„)<l"'/ Ilsllt2(^)<l \Jl 

Since Fg j takes on only the values ±1, it is easy to see that we can take / = Xe 
in (|0.4p if we double the constant. 

In this paper we prove the indicator/interval NTV conjecture. 



Theorem 2. Let a and uj be locally finite positive Borel measures on the real 
with no common point 
fO) . fOI) and (fO; satisfy 



line M with no common point masses. The best constants A2, '^ind, cmd T*„^ in 



01: 



U2 



-t: 



ind' 



Since the constant on the right side above arises repeatedly throughout the 
paper, we set mi^^d = VA^ + %nd + T*„d- We also set = yCA^ + T + T*. 

Here is an operator theoretic consequence of the theorem. 



Corollary 1. Let a and uj be locally finite positive Borel measures on the real 
line M with no common point masses. Denote by 21J and W* the weak type (2, 2) 
norms of and respectively, i. e. 

feL' (a) , 



A \{\H{fa)\>\}\l 
A \{\Higcu)\>X}\l 



< 
< 



/IIl2(o.) 1 



geL^ (uj) . 



Then 



91 w 2rr + 211* 



The corollary follows from the theorem since duality and the theory of Lorentz 
spaces give T,„d < W* and T*„^ < 2U; while < 2IT + SH* is evident from the 

proof of ^/A < in (LaSaUr) . 

Finally, current interest in the two weight problem for the Hilbert transform 
arises from its natural occurrence in questions related to operator theory [NiTrj . 
spectral theory, model spaces [NaVo| , and analytic function spaces |LySe| , among 
others. 



0.1. A brief history of the problem. The two weight norm inequality (|0.2p 
for the Hilbert transform became recognized as a difficult problem shortly after 
the classical one-weight problem was solved in 1973 by R. Hunt, B. Muckenhoupt 
and R.L. Wheeden |HuMuWh| . While success in related two weight problems for 
positive operators came relatively quickly in the early 1980's in |Sawl] and [Saw3| . 
the case of singular integrals remained mysterious for some time. Progress in a 
different direction was achieved by David and Journe in 1984 when they solved in 
[?] the norm inequality for general Calderon-Zygmund operators, but with Lebesgue 
measure as the weights. It was not until the late 1990's and early this millenium that 
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significant inroads were made in the singular two weight problem by F. Nazarov, 
S. Treil and A. Volberg using their recently developed techniques for harmonic 
analysis on nondoubling spaces, see e.g. jNaVoj . [NTVlj and |NTV2) . 

This effort culminated in the beautiful arguments in the 2004 preprint |NTV4] 
and 2003 CBMS book [Vol) , in which NTV followed the form of characterizations 
in [Sawl] , jSaw3j and jPaJo l , by showing that ()0.2|) was implied by (|0.3|) if certain 
side conditions were imposed, namely the pivotal condition, 

oo • oo 

J2 \Jnl P {Jn, licrf < \Il , [j^^^Jn C /, 

n=l 

and its dual. The proof analyzed the bilinear form {H„f,g)^ by expanding / and 
g in random Haar bases, 

I, J 

splitting the forms into upper and lower and diagonal forms according to the relative 
lengths of the dyadic intervals / and J, and then using a new corona argument that 
involved stopping times defined with respect to the pivotal condition. 

In iLaSaUr] , three of us showed that the pivotal conditions were not necessary 
for (10. 2p . and weakened these side conditions extensively, but were not able to 
completely eliminate them. Also in that paper, the concept of the energy 

of a weight co on an interval J was introduced, and the energy versions of the pivotal 
conditions were shown to be necessary for 10.21 namely 

oo • °o 

\Jnl E {J^,u;f P (J„, liaf < (9TT93) |/|, , U„=/" ^ ^' 

n=l 

and its dual condition. However, superadditivity of the functional J — > \J\^^ ap- 
pearing in the pivotal condition was a crucial property for the NTV proof strategy, 
which involved a clever estimate of off-diagonal terms in the Haar expansion of 
the bilinear form {H„f,g)^. Unfortunately, this crucial property fails for the cor- 
responding functional J — )■ \J\^E{J,uj)'^ appearing in the energy condition, and 
the sufficiency proof stalled dued to inadequate control of the energy stopping time 
coronas. 

Both the pivotal and energy stopping times used in |NTV4| and [LaSaUr] 
depend only on the weights w and a, and not on the functions / and g involved 
in the form. In |LaSaShUr| the current authors introduced Calderon-Zygmund 
stopping times into the argument, which had been previously used for maximal 
truncations of Hilbert transform in [LaSaUrlj , and which depend on the averages 
of the moduli of the functions involved. But the failure of the weights w and a to 
be doubling presented a formidable obstacle in [LaSaShUrj just as in |LaSaUrT| . 
and moreover, this approach highlighted the fact that the splitting of the form 
{Haf,g)^ according to relative lengths of the intervals / and J might not be a 
bounded operation in general, hence dooming this splitting from the start (see 
[LaSaShUr] for more detail on the question of bounding the split forms, which 
remains open at the time of this writing) . 
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0.1.1. Circumventing the obstacles. The difficulties mentioned above are cir- 
cumvented in the present paper by introducing a new sphtting of the bilinear form, 
followed by a careful analysis of the extremal functions that fail both the energy 
and Calderon-Zygmund stopping time methodology. The new splitting is the par- 
allel corona splitting that involves defining upper and lower and diagonal forms 
relative to the tree of Calderon-Zygmund stopping time intervals, rather than the 
full tree of dyadic intervals. Recall that the enemy of Calderon-Zygmund stopping 
times is degeneracy of the doubling property, while the enemy of energy stopping 
times is degeneracy of the energy functional (since nondegenerate doubling implies 
nondegenerate energy, it is really the failure of doubling in both weights that is the 
common enemy). A series of three reductions are then performed with Calderon- 
Zygmund and energy parallel coronas to identify the extremal functions that fail to 
yield to the standard analyses, such as certain bounded functions, and functions of 
minimal bounded fluctuation with energy control. In the end, the standard NTV 
methodology is decisive when used on these extremal functions with very special 
structure. 



0.2. The parallel corona decomposition. The main construction in our 
proof of Theorem [2] is the following parallel corona decomposition, which improves 
the decomposition according to interval side length that has been used in all previ- 
ous papers, in particular in |NTV4j . [LaSaUr] and [LaSaShUr] . Let V and 

be an r-good pair of grids, and let {h'^}j^^„ and be the corresponding 

Haar bases, so that 



/ = ^ A?/^ ^ {f,hj} h]=Y^ f{I) h'^ 
g = ^^J3= E (5,/^:^) J2 9{J) h' 



where the appropriate grid is understood in the notation / (/) and g{J)- It is 
convenient to define H^f = H {fa) so that the dual operator H* is H^: {Hcrf, g)^ = 

Inequality (|0.2|) is equivalent to boundedness of the bilinear form 



n{f,g)^{HAf).9)^= E (i?.(AJ/),A:^.g), 

I^V and JeV^ 

on L"^ [a) X L"^ (w), i.e. 



Virtually all attacks on the two weight inequality (|0.2|) to date have proceeded 
by first splitting the bilinear form T-L into three natural forms determined by the 
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relative size of the intervals / and J in the inner product: 

(0-5) ^ 'Slower ^" '^diagonal '^upper : 

I^V and JeP" 

|j|<2-n/i 

nMagonal{f,9) = ^ (i?. ( A?/) , A:^^)^ , 

/eP" and JeV^ 

2-n/i<i,/i<2n/i 

nupper{f,9) = E (i/.(AJ/),A-5)^, 

/eC and JeD" 
|J|>2n/| 

and then continuing to establish boundedness of each of these three forms. Now the 
boundcdncss of the diagonal form Hdiagonai is an automatic consequence of that of 
y. since it is shown in |NTV4| that 

\nd^agonal {f,9)\ < (^^^J) II / 1 1 (.) II Sll (.) < ^ II / II (.) II .911 (.) • 

However, it is not known if the boundedness of Jiiower and Hupper follow from 
that of 7i, which places in jeopardy the entire method of attack based on the 
splitting (|0.5p of the form H. See [LaSaShUr] for a detailed discussion of these 
matters. 

In order to improve on the splitting in (jO.Sp . we introduce stopping trees J- 
and G for the functions f € L'^ (tr) and g £ {uj). Let (respectively G) be a 
collection of Calderon-Zygmund stopping intervals for / (respectively g), and let 
2?°' = Cf (respectively I?" = Cg) be the associated corona decomposition 

FGJ^ Gee 
of the dyadic grid (respectively I?"). For / e V"^ let ttti^I be the I?°'-parent of 
/ in the grid 2?°', and let ttjf/ be the smallest member of that contains /. For 
F, F' £ T , we say that F' is an J^-child of F if ttjf- {-k-o^F') — F (it could be that 
F = TTxx'F'), and we denote by £jr (F) the set of J^-children of F. For F E 
define the projection Pg^ onto the linear span of the Haar functions {^/j/gc^ by 

The standard properties of these projections are 



2 



f = E ^cj, I (p?./) ^ = 0, ii/iii.(.) - E \\^cj\ 

There are similar definitions and formulas for the tree G and grid P". 

Remark 1. The stopping intervals T live in the full dyadic grid , while the 
intervals I € Cp are restricted to the good subgrid 1^^^^^ as defined in Subsection\3l 
below. It is important to observe that the arguments used in this paper never appeal 
to a 'good' property for stopping intervals, only for intervals in the Haar support of 
f. A similar remark applies to G and the Haar support of g. 

We now consider the following parallel corona splitting of the inner product 
{H {fa) , g)^ that involves the projections Pg^ acting on / and the projections P^^ 
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acting on g. These forms are no longer linear in / and g as the 'cut' is determined 
by the coronas Cf and Cg, which depend on / and g. We have 

(0.6) (i/./,<?)^ = {H.{P^cJ)^{Pco9))^ 

= ( E + E + E I 

(F,G)6Near(J=-xe) (F,G)eDi5jomt(J=-xe) {F,G)€Far{J^xg) ) 

x(if.(P?,/),(Pco3)). 

= H„ear (/, + ^disjoint (/, + H/ar (/, ff) • 

Here Near(J^ x Q) is the set of pairs {F,G) E J- x Q such that G is the minimal 
interval in Q that contains F, or is the minimal interval in J- that contains G, 
more precisely: either 

F C G and there is no Gi G ^ \ {G} with F C Gi C G, 

or 

G C F and there is no Fi e J" \ {F} with G C Fi C F. 

The set Disjoint (J" x g) is the set of pairs (F, G) G J" x such that F n G = 0. 
The set Far (J" x Q) is the complement of Near (J^ x ^) U Disjoint (F x CJ) in F x CJ: 

Far (F X g) = F X g \ {Near (F x g) U Disjoint (F x g)} . 

The parallel corona splitting (|0.6I) is somewhat analogous to the splitting (jO.Sp 
except that the stopping intervals at the top of the corona blocks are used in place 
of the individual intervals within the coronas to determine the 'cut'. It is this feature 
that permits our characterization of the two weight inequality (j0.2p in terms of A2 
and indicator /interval testing conditions. 

Before moving on, it is convenient to introduce a corona decomposition that 
uses stopping data more general in scope than the Calderon-Zygmund data. 

0.3. General stopping data. Our general definition of stopping data will 
use a positive constant Go > 4. 

Definition 1. Suppose we are given a positive constant Cq > 4, a subset F 
of the dyadic grid (called the stopping times), and a corresponding sequence 
ajr = {ajr (^F)}p^jr of nonnegative numbers ajr (F) > (called the stopping data). 
Let (F, -<, njr) be the tree structure on F inherited from , and for each F G J-^ 
denote by Cp = {/ G 'D'^ '■ ttjf/ = F} the corona associated with F : 

Cf = {I e V : I d F and I (t F' for any F' ^ F} . 

We say the triple (Go,F, ajr) constitutes stopping data for a function f G Lj^^ {a) 

(1) I/I < ajr (F) for all I &Cf and F £ F, 

(2) Ef'^f I^'I. < \Fl for all F G F, 

(3) IIf^^f o^^{Ff\Fl<Cl\\f Wl^^^y 

(4) ajr (F) < ajr (F') whenever F',F eT with F' C F. 
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Definition 2. If{Co,J-,aj^) constitutes (general) stopping data, for a function 
f e Ljg^ (cr), we refer to the othogonal decomposition 



FeJ^ 



leCp 



as the (general) corona decomposition of f associated with the stopping times T . 

Property (1) says that ajr (F) bounds the averages of / in the corona C_f, and 
property (2) says that the intervals at the tops of the coronas satisiy a Carleson con- 
dition relative to the weight a. Note that a standard 'maximal interval' argument 
extends the Carleson condition in property (2) to the inequality 

E l-^'U ^ I^U for all open sets A c M. 

Property (3) says the sequence of functions {ajr (F) 1^?}^^^^- is in the vector-valued 
space (£^; a), and property (4) says that the control on averages is nondecreasing 
on the stopping tree We emphasize that we are not assuming in this definition 
the stronger property that there is C > 1 such that ajr (F') > Cajr (F) whenever 
F',F G with F' C p Instead, the properties (2) and (3) substitute for this 
lack. Of course the stronger property does hold for the familiar Calderon-Zygmund 
stopping data determined by the following requirements for C > 1, 

EJ, I/I > CE^ I/I whenever F',F with F' C F, 
Wj I/I < CWp I/I for / e Cf, 

which are themselves sufficiently strong to automatically force properties (2) and 
(3) with a^(i^)=E^|/|. 

We have the following useful consequence of (2) and (3) that says the sequence 
{ajr (F) lp}p^jr has a quasiorthogonal property relative to / with a constant C'q 
depending only on Cq: 



(0.7) 



< c'o ii/iii.(<,) . 



LH'7) 



Indeed, the Carleson condition (2) implies a geometric decay in levels of the tree 
J^, namely that there are positive constants Ci and e, depending on Co, such that 
if (F) denotes the set of n*'* generation children of F in !F, 

E l-f^'U < (Ci2"'")^ I^U' for all n > and e 7". 
Prom this we obtain that 



'"=0 F'g£'-^\f): "=o'\ F'ee^'(F) 



£2— o^:F{F'f\F'l, 
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and hence that 



^ E"^(^)\/i^i. 



^ n=0 i^'6£(;')(i^) 



< E"^(^)'i^u) E2"'"E E "^(^'fi^^'i 



< ll/llL^(.)fE"^(^')'l^^'I.V<ll/lli.(.). 



This proves (|0.7p since ||X]_Fej^ l-^) -'-^'IlLa^g.-) is dominated by twice the left hand 



side above. 

Here is a basic reduction involving the NTV constant 0^T2J. 
Proposition 1. Let 

{Ha {.f),g)^ = ^near {f,9) + ^dzsjoint [f , q) + \^far (/, 

he a parallel corona decomposition as in W.6]) of the bilinear form {H {fa) ,g)^ with 
stopping data J- and Q for f and g respectively. Then we have 

\{Ha (/) , 5)^ - H„ea. (/, < (OIT^J) m^a) , 

for allfeL^ {a),geL^ {u). 

We will use Proposition [T] in conjunction with a construction that permits 
iteration of general corona decompositions. 

Lemma 1. Suppose that {Co,J-,ajr) constitutes stopping data /or a function 
f € Lj^^{cr), and that for each F <^ F , [Co,IC{F) ,aic{F)) constitutes stopping 
data for the corona projection P^^f ■ There is a positive constant Ci, depending 
only on Cq, such that if 

1C*{F) = {K elC{F)nCF:a^(^F^{K)>a^iF)} 
JC = \J IC*{F)U{F}, 



a^(F) (K) for KeIC* {F) \ {F} ^ p ^ jr 



- max{a^(F),a;c(F)(i^)} for 



the triple {Ci, IC, ajc) constitutes stopping data for f. We refer to the collection 
of intervals K. as the iterated stopping times, and to the orthogonal decomposition 
f = X^ifeK^Cg/ iterated corona decomposition of f , where 

C'^ = {I eV : I d K and I (t K' for K' <k. K} . 

Note that in our definition of (Ci, /C, ax.) we have 'discarded' from /C {F) all of 
those K £ JC {F) that are not in the corona Cf, and also all of those K G IC {F) 
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for which Q;yc(_F) (K) is strictly less than aj^{F). Then the union of over F of 
what remains is our new collection of stopping times. We then define stopping 
data ajc (K) according to whether or not K £ T: ii K ^ 7" but K G Cp then 
ajc {K) equals ajci^F) {K), while il K £ F, then ajc {K) is the larger of a]c(F) {P) 
and ajr [K). 

Proof. The monotonicity property (4) for the triple (Ci,/C,q:k:) is obvious 
from the construction of K, and ajc (K). To establish property (1), we must dis- 
tinguish between the various coronas C^, C^''^' and that could be associated 
with K G }C, when K belongs to any of the stopping trees /C, /C (F) or J^. Sup- 
pose now that / (E for some K € JC. Then there is a unique F £ T such 

that C C^^-^^ C C^, and so |/| < aj^{F) by property (1) for the triple 
(Co,/", a^). Then aj^{F) < aic{K) follows from the definition of aic{K), and 
we have property (1) for the triple {Ci,lC,aic)- Property (2) holds for the triple 
(Ci,/C, a/c) since if K £ Cp, then 

K'^^K K'eKiF): K'CK F'^j^F: F"ZK K'eK{F') 

< Cl\Kl+ Cl\F'l<2Cl\Kl. 

F'^j^F: F'CK 

Finally, property (3) holds for the triple (Ci,/C,q;^) since 

Y^KiKfn = E E ^^iF){Kf\Kl 

KGK FeF KeK{F) 

< ECo\\PU\\U.)<C'o\\f\\U.y 
FeJ" 

□ 



CHAPTER 2 



Bounded fluctuation and functional energy 

In the proof of Theorem [2] it will be convenient to isolate two intermediate 
notions that guide the philosophy of the proof, namely minimal bounded fluctuation 
functions, and the functional energy conditions. 

1. Bounded fluctuation 

The notion of bounded fluctuation is an extension of the notion of bounded 
function intermediate between L°° and BMO'^^"''^^'^. There are various versions of 
bounded fluctuation functions, and conditions defined in terms of them, that arise 
in the course of our investigation. We start with a definition of bounded fluctuation 
that is closely tied to the corona projections in the CZ corona decomposition. 

Definition 3. Given 7 > 0, an interval K g , and a function f supported 
on K , we say that f is a function of bounded fluctuation on K , written f e 
BT'^^^ {K\ if there is a pairwise disjoint collection ICf of T)'^ -suhintervals of K 
such that 

0, 

aK' (a constant) on K' , K' E JCf, 

7, K' e ICf, 
1, lelCf, 

where 

ICf ^ {I eV : I C K and I (t K' for any K' G ICf} 
is the corona determined by K and IC / . 

In the case 7 > 1, we see that / is of bounded fluctuation on K if it is supported 
in K with mean zero, and equals a constant ax' of modulus greater than 7 on 
any subinterval K' where E^, |/| > 1. Thus in the case 7 > 1, the collection of 
distinguished intervals is uniquely determined, but in general K / must be specified. 
If we also require in Definition [3] that 

OK' > 7, K' £ ICf, 

then we denote the resulting collection of functions by VBT''^^ (K) and refer to 
such an / as a function of positive bounded fluctuation on K. 

Now we observe that for / G BJ-^^'^ (K) with 7 > 1, the Haar support supp f 
of / contains the set tt/C/ of parents of the intervals in /C/. Indeed, if i^' G ICf, 



= 

f = 



lax' 



> 



13 



14 



2. BOUNDED FLUCTUATION AND FUNCTIONAL ENERGY 



then the expected values of / on K' and its sibUng OK' necessarily differ, which 
implies that nK' is in the Haar support of /. More precisely, on K' we have 

and since \R%j^,f\ < E^^, |/| < 1, we have |A^^,/| \k'> \aK'\- f > 7 - 1 > 0. It 
turns out to be a crucial reduction in our proof of Theorem [2] that we can restrict 
attention to functions / of bounded fluctuation that have minimal Haar support 
supp /, namely equal to tt/C/. More precisely, define / : 13 — > C by / (/) = (/, hj)^ 
to be the Haar coefficient map (with underlying measure a being understood), and 

tt/C/ = {ttvK' : K' G JCj} . 

It will however be necessary to relax the requirement that 7 be large, and instead 
require K' = {TrvK')^^^^ for K' e JCf. Here the two dyadic children of / are 
defined as Ismail and hig where \Is„iaii\cr < Ihigl^- 

Definition 4. For 7 > 0, define the collection MBJ^l^^ (K) of functions of 
minimal bounded fluctuation by 

{ / e VBT'-^^ (K) : supp fCnlCf and K' = (^pif for K' e ICf}. 

Thus the functions / G M.BTa {K) have their Haar support supp f as small as 
possible given that they satisfy the conditions for belonging to VBJ-a (K). More- 
over, the distinguished intervals K' in /C/ are the small child of their parent - a 
property that is a consequence of ok' > 7 if 7 > 1, but in general must be in- 
cluded in the definition. Note that while ICj consists of pairwise disjoint intervals 
for / e MBFa {K), the collection of parents irlCf may have considerable overlap, 
and this represents the main difficulty in dealing with functions of minimal bounded 
fluctuation. We use the term restricted bounded fluctuation on K to designate a 
function / that is either bounded by 1 in modulus on K, or is of minimal bounded 
fluctuation on K; i.e. 

/ e UB^i''^ [K) ^ {L^), {a)[jMB:Fi''-> [K) . 

The final key element in our proof of Theorem [5] is an estimate for a highly 
nonlinear form ^stop {f,9) with either / G AiBTa- or g E AiBF^^, and a bound on 
the stopping energy X {f,g), that exploits the interval size splitting of NTV. See 
Lemma 1161 

2. Functional energy 

In the proof of Theorem[2]it will be convenient to isolate the following interme- 
diate notion that guides the philosophy of the proof, namely the functional energy 
conditions. 

Definition 5. A collection J- of dyadic intervals is cr-Carleson if 

J2 \F\a<C:F\Sl, SET. 
Fer- Fcs 

The constant Cjr is referred to as the Carleson norm of T . 
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F eF, 



Definition 6. Let T be a collection of dyadic intervals. A collection of func- 
tions {gp^FeT "in L'^ {'^) is said to he J^-adapted if for each F E J- there is a 
collection J (F) of intervals in 2?" such that 

J{F) C {J : J F} 

(J <s F implies J is {e,r)-good with respect to = T)^ as in Suhsection\^ below) 
and if J* (F) consists of the maximal intervals J in the collection J (F), then each 
of the following three conditions hold: 

(1) for each F £ the Haar coefficients gp {J) — {gF,h'^)^ of gp are non- 
negative and supported in {F), i.e. 

g^{ J)>0 for all J ej (F) 
( J) = for all J ^ J (F) ' 

(2) the collection {gp^FeT is pairwise orthogonal in {uj), 

(3) there is a positive constant C such that for every interval I in T)" , the 
collection of intervals 

Bi = {J* C I : J* e J* (F) for some F D 1} 
has overlap bounded by C, i.e. X]j»gBj ■'■•^* — f'^^ '^^^ ^ ^ ' 

Note that condition (2) holds if the collections {F) are pairwise disjoint for 
FeT. 

Definition 7. Let ^ be the smallest constant in the 'functional energy' in- 
equality below, holding for all non-negative h G L'^{a), all a-Carleson collections 
T , and all IF -adapted collections {gp^peT; <^'^d where J* (F) consists of the max- 
imal intervals J in the collection {F): 
(2.1) 

1/2 



F£T J*(^J*(F) 



X 
\J* 



^gpij* 



<mh\\LHa) 



2 



.FeJ" 



We refer to this as the functional energy condition. There is of course a dual 
version of this condition as well with constant ^* . 



3. Outline of the proof 

The disjoint form Hdisjoiiit {f,g) in (|0-6P is easily controlled by the strong A2 
condition and the interval testing conditions using Lemma [2] in Section [3j 

\^d^s,o^nt < (O^TQJ) ||/||^.(,) \\g\\^,^^) . 

We show in Section [5] that after further corona decompositions, the near and far 
forms satisfy 

|H„ea.(/,3)| < (9Tm„<i+OT + OT*)||/||^.(^)||5|L.(„), 

|H/a.(/,3)| < (^2:2J)||/||^.(,)||g||^.(^), 

where DJl and DJl* are the best constants in a bilinear minimal bounded fluctuation 
inequality (14.101) and its dual, and with the bulk of the work in estimating the far 
form H far taken up in proving the Interwining Proposition in Section |4l 

Finally, in Section|6]we use the Intertwining Proposition[2]to reduce the 6ilinear 
minimal bounded fluctuation condition (|4.10p to a similar inequality p.ip . but for 
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a nonlinear form Bstop that is esssentially the stopping term introduced by NTV 
in |NTV4] . i.e. 

where 05^™™°' is the best constant in (jl.ip . Finally, the full force of the special 
structure of minimal bounded fluctuation functions is exploited along with energy 
control, to obtain 

(^minimal _j_ ^minimal * <^ OT^^ 

and this completes the proof of Theorem [2j Thus the only place where indica- 
tor/interval testing is used over interval testing, is in reducing control of the near 
to the bilinear minimal bounded fluctutation conditions (j4.10p . 



CHAPTER 3 



Preliminaries of the proof 



A crucial reduction of Problem 10.21 is delivered by the following lemma due to 
Nazarov, Treil and Volbcrg (see [NTV4 and | Vol| ). 

Lemma 2. For f £ L'^ (ct) and g £ (uj) we have 

^ \{HAAU),^j9)J < m'^)\\f\\LH.)\\9hHu.) 
(i,.])ev xv-' 

2-^\I\<\.J\<2-\I\ 

(/,j)e-D''x-D" 

7nJ=0 and Hj.^ [2"'',2''] 

Proof. To prove the first assertion we split the sum into two pieces, 



E ■ 

2-'-|/i<iJi<2n/i 

\^dist(J,I)<2''+^\I\ 



E 

2"n/i<iJi<2n^i 



dist{JJ)>2''^'-\I\) 

The first sum here is handled using the argument for the diagonal short-range terms 
in Subsection 9.2 of jLaSaUr] . and the second sum here is handled by the argument 
for the long-range terms in Subsection 9.4 of [LaSaUrj . 

Now we turn to the second assertion. By duality it suffices to consider only 
\J\ < Z"*" |/| in the sum on the left of the second assertion, and we split the resulting 
sum into two pieces: 



E + E 

JC3/\/ and |J|<2-'^|/| ,7n3/=0 and |J|<2-'-|/| 



(i/.(AJ/),A^5>. 



These sums are estimated using the arguments for the mid-range and long-range 
terms in Subsections 9.3 and 9.4 respectively of [LaSaUr] . □ 

1. Monotonicity property 

The following Monotonicity Property for the Hilbert transform will also play 
an important role in proving our theorem. 

Lemma 3 (Monotonicity Property). Suppose that v is a signed measure, and 
fi is a positive measure with fj, > both supported outside an interval J. Suppose 
also that ip is a function supported in J with J ipdu! — and such that there is c E J 
such that 

f{y) < for y <c, 
^{y) > for y>c. 
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Then 

\{Hv,^)J<{Hp.,^)^. 

Now let J C J* C 2J* c /, and suppose in addition that (f = hj and that fi is 
supported outside I. Then we have the pointwise estimate 

E = (F/z,/i^)^-^P(J*,M) {x,h"j}^ 

where 

(1.1) P{K,ij,) = f ^dniy), 

{x,h'^j)^ = {x-c{J),h-j)^ = j^{x-c{J))h-j{x)dio>Q. 

Moreover, there is ^ >2 such that if in addition 7 J* C /, then 

(1-2) {Hn,h-j)^^^^{J\^i) {x,h-j)^. 

Remark 2. This monotonicity property will be applied when ip = h'^ is a Haar 
function adapted to J, in which case the point c can be taken to be the center of J. 

Proof. Let J_ = J n (—00, c) and J+ = J n (c, 00). We may assume that 
J \(p\dio = J \ip\du} = l. 

Then we have 

(Hujip)^ = / Hp{x)ip{x)du){x) + / Hu {x) ip {x) du {x) 

Hv [x) \ip {x)\ duj {x) -J Hv {x) \ip (x')| dw (x) 
[Hv {x) - Hv {x')] \ip {x')\ dw {x') \(p {x)\ duj (x) 

and since i^yJ^^Q_^,-^ > for y G M \ J and a; € J+ and x' & J-, we have 

^ [ [ [ U luf .. di,{y)\^{x')\d^{x')\^{x)\d^{x) 
Jj+ J J- Jm\j yy — X) yy — X ) 

where the last equahty follows from the previous display with /j. in place of u. 



J+ J.L 
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Now suppose that J C J* C 2 J* C I, — hj and fi, v are supported outside 
/. Then for x S J+, x' g J_ and y ^ I, Yfe have 

X — x' X — x' I J* I 



{y~x){y~x') \J*\ \y^c{J*)Y 
[y-c{r)f ~{y~x){y-x') 



[X ^ X 



iy-x) {y- x'){y~ c{J*)f 



Now we recall that 



A= j \H^j\duj:^ [ \h':;\duj 



so that with (p ~ -^h'^, we obtain 
If f f X — x' 



A Jj^ Jj^ Jm\j {y ~x){y~ x') 
If f f x-x' \J*\ 



-d^i{y)\h-J {x')\du{x')\h-j {x)\du{x) 
^dfi (y) {x')\ duj (x') \h':'j {x)\duj (x) 



AjjJj_U\j \J*\ \y-c{J*)\ 

+ol[ I I \x-x'\- ^^Ld^(y)|/,-(^')|da.(x')|/i:^(a:)|da.(x) 

\Jj+J.J-Jr\j \y-c{J*)\ J 



since {x')\ \}^ (x)\ = -h'j {x') h^j (x), 
I f f f X \J*\ 



^ Jj+ Jj^ Jr\j \ \y - c{J* 



d/i (y) /i^ (x') du {x') /i^ (x) duj (x) 



P(J*,Ai) / xh':j {x) duj (x) 



and 



Ajj^Jj_ Jr\J \ J* \ \y-c{J*)i 

Lp(j*,^) x'h-{x')du:{x') 



' d^ (y) \h':i (x')| duj (x') \h':i {x)\duj (x) 



xh'^j (x) duj (x) + / x'/i^ (x') duj (x') = (x, /i^)^ 
/+ Jj- 



Finally, (|1.2I) follows easily from the above pointwise estimate for 7 large 
enough. □ 
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2. Energy lemma 

We formulate a refinement of tlie Energy Lemma from [LaSaUr] . First recall 
that the energy E (J, w) of w on the interval J is given by 

2 



1 



E 



oj[dx') X — x' 



dbJ [x) , 



and the corresponding functional $ ( J, z^) by 

^{J,y) = Lo{J)£{J,LofV{JM)\ 

where is a signed measure on M. The following Energy Condition was proved in 
[LaSaUr] : for all intervals /, 



(2.1) 



Suppose now we are given an interval J G , and a subset % of the dyadic 
subgrid (J) of intervals from I?" that are contained in J. Let — "^ji^-^ A j, 
be the cj-Haar projection onto % and define the "H-energy E-^ (J, uj) of lj on the 
interval J by 

2 



(2.2) £n{J,^) 



1 



1 

Ml 



E 



IJI 



o?a; (x) 



P^x 



du! (x) 



— E 



\J\ 



\J\JJ\\ku 



For ;y a signed measure on M, and T-L a subset of the dyadic grid , we define the 
functional 

<^u{J,i^)^uj{J) En {J,u:fP{J,W\f- 
We need yet another property peculiar to the Hilbert transform kernel 

1 



K{x,y) = 



x~y 



(y) = Ky (x) , 



Lemma 4. Suppose J is an interval with center cj, choose y (ji J , and let 



{Ky,hj/ 



< 



{x,h'j) 



Proof. With cj the center of J, we have using / h'j (x) dui (x) — that 



1 



a; - y 
1 

oo 



(x) (a;) 



1 



{x-cj) -{y~ cj) 



/ij (x) (a;) 



— ft. J (x) (a;) 



7^^^^ ^l+T^^J (x) duj (x) . 

yy - cj) 
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Since the Haar function takes opposite signs on its two children we have without 
loss of generality, 

x(J) = J {x-cj)H^j {x)duj{x)^ J \x-cj\\h'^ {x)\ duj {x) > , 

and for n > 1 we then have the estimate 

n-l - 



(x — Cj) (x) duj [x) 
Consequently, 

{x.h-j) 



<(|J|/2r^ / \x-cj\\h'^j{x)\d^{x) = {\J\/2fx{J). 



\y - cj|' 



< 



oo 



\J\/2 



x{J) 



9 T^{J) 



□ 



Thus in the Taylor expansion for the inner product {Ky, h'j)^, the linear term 
dominates. 

Lemma 5 (Energy Lemma). Let J be an interval in P". Let be an 

L^ (oj) function supported in J and with Lu-integral zero. Let v be a signed measure 
supported inM.\2J and denote the Haar support of j by % ~ supp'^ j. Then we 
have 



(2.3) 



|(i/(^.),Vl/,,)^|<C||vl/,7|l^.(^) $«(J,i^)^. 



The formulation \{H {v) ^'i! j) J < C ||^'j||^2(^) $ ( J, i^) ^ proves useful in 
many estimates. However, we will often apply this in its dual formulation. Namely, 
we have 



(2.4) 



Note that on the left, we are subtracting off the mean value, and only testing the 
L^(w) norm on J. 



Proof. We calculate using Lemma |4] that 

1 



x~y 



■^j{x) dvijj) duj{x) 



E / (Ky,h-j,)^ r^(J') di^iy) 



< 



-^i^^h-j,)^- ^ r,(J') d|H(y) 
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Now use the approximation ~ \y-^cjf '^'^^ J' C J and y e M\2J, so that the 

sum in J' becomes isolated. Then an apphcation of Cauchy-Schwarz in J' yields 



7y — 1 

This completes the proof. □ 

Remark 3. In the special case 4',/ = /ij, we have T-L = {J} and \2. i?p f/ien 
gives 

(2.5) \l^Hu,h'^j)J<^u{J.i^Y ^l^-^yh-^ P(J,IH)- 

We also need the following elementary Poisson estimate from [Vol] (see also 
[LaSaUrj .'l which is corrected here). 

Lemma 6. Suppose that J C I C I and that dist {J,dl) > ^\J\'^\I\^~^ . Then 

(2.6) \jf^-'P{J,alj^jr < \I\^^-'PiI,alj^,r. 
Proof. We have 

V IV J ^ |2'=J| y(2.,7)n(7\/) 

and (2*= J) n (T\ 7^ requires 

dist{J,e{I)) < \2''J\ . 
Let ka be the smallest such k. By our distance assumption we must then have 
\jf |/|^~" < dist (J, e (/)) < 2'=° I J| , 

or 

2-ko < 



1^1 

Now let fci be defined by 2'^^ = -pj. Then assuming fci > ko (the case /ci < fco is 
similar) we have 



ki oo 



k—ko k—ki , 



do 

'(2'=j)n(A/) 



7(2'=i.7)n(/\/) / ^ 



12'^" ^1 Vl^l A2'=i./)n(/\/) 



< (Si p(/ 



l-2e 

which is the inequality p.6p . □ 
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Finally, we need the following variant of Lemma [2] where we replace the Haar 
function in the inner product {Ha (Aj/) , A "5) (appearing in the statement of 
Lemma ^ corresponding to the larger interval by a bounded function dominated 
by an expectation, provided the larger interval is a stopping interval. 

Lemma 7. Suppose that all of the interval pairs (/, J) G x T)^ considered 
below are good. Suppose that f £ {a) and g £ (w) and that J- and Q are a- 
Carleson and u-Carleson collections respectively as in Definitions^ Furthermore, 
suppose that for each pair of intervals I G T)" and J G T)^ , there are hounded 
functions /?/ j and j supported in I \ 2J and J \2I respectively, satisfying 



< 1. 



Then we have 
(2.7) 



E 

(I,J)GJ^X-D'-' 
/nj=0 and \J\<2 



1I\ 



+ 



< 



(i/.(/3,,^l,EJ/),A:^5) 

-^2 II/IIl2(<t) II.9|Il2(^) , 



E 

(i,j)evxg 

In.J=<h and |/|<2"'VI 



and also 



E 

2-^\I\<\J\<\I\ 

< "mm 



\{HailiE]f),A-jg)^ 



E 

2-n"'l<|/|<l>^l 



\{Ha{Ay),ljE-g)^ 



Proof, (of Lemma [7]) The proof of Lemma [7] follows the lines of the proof 



of Lemma[2l but using the 'almost orthogonality' property X^fgj^ W\a (■'^z I/I) ^ 
ll/llL2(cr) place of the orthonormality of the Haar system X^fgj^ |(/'^/)(tI ~ 
||/||^2(g.) - and similarly for ||5||^2(^j).We prove only the case (/, J) G x V"^ 
and |/| > 2"^ |J|. 

We split the first sum in (j2.7p into two sums, namely a long-range sum where 
in addition J n 3/ = 0, and a mid-range sum where in addition J C 3/ \ /. We 
begin with the proof for the long-range sum, namely we prove 



(2.8) -Along— range 



E 



(iJ,(/3,,,,l,Ef/),A:^5)^ 



37n,/=0 and |J|<2"''|7| 



< 



. .^-^2 ||/|Il2(^) II.9|Il2(cu) • 

We apply the Energy Lemma [5] to estimate the inner product (^Ha-{fij jli),h'j^ 



using 1^ — Pj jlia and 2J (1 supp {^(3j j) — 0. Since \v\ < 
Energy Lemma applies to give us the estimate below. 



1/cr < 1/(7, the 



< A/|JLP(J,l/a)<./|J|J/ 



Ul 



dist{i, jy 
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We have used the inequahty P(J, 1/cr) < dist{i,j)'^ l-^U' trivially valid when 3/n J = 
and I J| < |/|. We may assume that ||/||i2((^) = l!ff|lL2((^) = 1- We then estimate 

Along-range < J2 E ^ ^9, h^j) J 

I(^J^ J : \J\<\I\:dist(I ,J)>\I\ 



I&J" J ■.\J\<\I\:dist{I,J)>\I\ ^ ' ' 



< 



/e^ J:|7|<|/|:*«t(/,J)>|/| ^1^1^ aisHJ.jj 



5 



where wo have inserted the gain and loss factors with < (5 < 1 to facilitate 

application of Schur's test. For each fixed I £ we have 



J:\J\<\I\:dist{I,J)>\I\ ^l-*!^ aiSt[l,J) 

^ dist{I, J)2 



OO 



fc=0 \j : 2fe|J| = |7|:dist(7,J)>|J| 

, J : 2'=|J| = |/|:dist(/,7)>|/| ^ ' ' 



which is bounded by 



fe=o 

if (5 > 0. For each fixed J we have 



/ : |.7|<|/|:dist(/,.7)>|/| 



fe=0 / : 2''|J| = |/|:(iist(/,J)>|7| ^ ' 



< 



fc=0 \7 : 2''|J| = |/|:dist(J,J)>|/| ^ ' ^ 



E 



1^1 



distf/, J)2 

,7 : 2*^|J| = |7|:dist(7,J)>|7| ^ ' ' 
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which is bounded by 



|J|^^2-'=(i-'')p(2'=J,r7 



k=Q 



k=0 



k{l-S) 



|2^-J|, 

P(2'=J,a)| <v^, 



if 5 < 1. With any fixed < 5 < f we obtain from the inequahties above that 



< 



(ii/iii^(.) + ii<^ii 



2 



/A2 = 2^,\\f\\^,,.\\g\ 



L2(cr) ll.yilL2(cj) ' 



since we assumed 11/11^2(0.-) = II.9|Il2(j^) = 1, and this completes the proof of (127 
Now we turn to the proof for the mid-range sum, namely we prove 



(2.9) A 



mid—range 



(i,j)eJ^x-D'^ 

JC3/\/ and |J|<2~''|/| 



< V^2||/IL.(.)||5lL.(^). 

To see (|2.9p . we set for integers s > r, 

A^.d-rauge{s)^Yl E m \f\) {H^{P I , h^) Jg , h^j) J 

leT J : 2=|J| = |7|:dist(7,J)<|7| , 7nJ=0 



< 



L7eJ=- 



E 



E 



\I\~J\{H.{(ii,Ai),Kj)\\{g,h-j)J 



leJ^ \ ,7 : 2=|,7| = |7|:dist(7,J)<|7| , 7nJ= 



1/2 



< 11/11 



1/2 



2^- E E 1^1^' i(^.(/?7,7i7), z*:^) J' 1(5, h':i)j 

leT J ■ 2=\J\ = \I\:dlst(I ,J)<\I\ , In.J=$ 

^A(s)||/||^2(,)||.g|lL2(^), 

where 



2^ sup sup \I\Z'\{H,{Pi.Ai),h-j)J 

J : 2=1 J| = |7|:dist(7,j)<|7| , 7nJ=0 



< 2" sup 



E 



i^i;'i(^<x(/?,,ji7),/^:^)j= 



7 : 2=|J| = |7|:dist(7,J)<|7| , 7nJ=0 



smce 



E E 1(5,/^") 

7GJ^ J : 2»|J| = |7|:dist(7,J)<|7| , 7nJ=0 



<2 5^l(5,/i' 

,7 



7)J'-2||5|'' 



Due to the 'local' nature of the sum in J, we have thus gained a small improvement 
in the Schur test to derive the last line. 
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But (12. 3p applies since 2 J is disjoint from the support oi Pj j, J is good with 
respect to the grid T)"' , and so (|2.6I) also applies to yield 



A(s)2<sup2« J2 '^■P{J,1i<j: 

J : 2=|J| = |7|:dist(7,J)<|7| , 7nJ=0 ^ ' 



2 



7|:dist(7,,7)<|7| , 7n,7=0 ^ ' vi i 



< 



J : 2=|J| = |7|:djst(7,,7)<|7| 
-,-s(2-4e) 



2 



sup2^2-(-4^)^ .{J) 
< 2-(i-4")^^2 . 



This is clearly a summable estimate in s > r, so the proof of (|2.9p is complete. □ 



3. The good-bad decomposition 

Here we use the random grid idea of Nazarov, Treil and Volberg (see e.g. Chap- 
ter 17 of [Vol] ) as more recently refined in Hytonen, Perez, Treil and Volberg 
[HyPeTrVo] . For any (3 = e {0, 1}^, define the dyadic grid Bp to be the 

collection of intervals 

D^ = |2"h0,l) + fc + ^2-"/?jl 

This parametrization of dyadic grids appears explicitly in [Hyt| , and implicitly in 
[NTV2j section 9.1. Place the usual uniform probability measure P on the space 
{0, 1}^, expHcitly 

F{/3 -.131 = 0)= P(/? : = 1) = i for all I G Z, 

and then extend by independence of the /?;. Note that the endpoints and centers 
of the intervals in the grid are contained in Q'^*' + xp, the dyadic rationals 
Q'^'' = translated by a;;3 = Ej<o e [0,1]. Moreover the pushforward 

of the probability measure P under the map /3 — ^ a;^ is Lebesgue measure on [0, 1]. 
The locally finite weights uj, a have at most countably many point masses, and it 
follows with probability one that w, a do not charge an endpoint or center of any 
interval in D^. 

For a weight uj, we consider a random choice of dyadic grid I?" on the proba- 
bility space S", and likewise for second weight cr, with a random choice of dyadic 
grid V"' on the probability space S'" . 

Notation 1 . We fix e > for use throughout the remainder of the paper. 

Definition 8. For a positive integer r, an interval J G is said to he r-bad 
if there is an interval I G T)^ with \I\ > 2^\I\, and 

dist(e(/),J)<i|jn/|i-^ 

Here, e(J) is the set of three points consisting of the two endpoints of J and its 
center. (This is the set of discontinuities ofhj.) Otherwise, J is said to be r-good. 
We symmetrically define J G I?" to be r-good. 
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Let be randomly selected, with parameter /3, and 2?" with parameter (3' . 
Define a projection 



whenever 



> 2n/i 



(3-1) ^looJ^ AJ/, 

I is r-good GX''^ 

and likewise for P^^odd- Define an r, £-good subgrid T>g^^^ by 

(3.2) V"^,,, = |/ e 2?- : d^st (/,e (/)) > |/r |/|'"' 

Now define an r, e-good projection Gx)<^ on (a) by 

(3.3) Gx,./- 5] {fXi)A1^ f^L\a). 

lev . 

good 

Let T : L'^{a) L'^i^) be a bounded linear operator. Then the operator norm 



T 



is bounded by a multiple of 



Il/llt2, 



sup 

,=l!9itz,2, 



where E^,E^' are the expectations relative to the probability space of grids, the 
projections Pg^o^ and Pg^g^ are defined in p.ip . and the projections Gp^ and Gp^ 
are defined in (|3.3I) . The constant e > in these definitions is taken sufficiently 
small, and the associated constant r > is then taken sufficiently large depending 
on e. 

Summary 1. It suffices to consider only r-good intervals, and only functions of 
the form f = G-d" f and g = Gv^g, and prove an estimate for ||2?(o'-)||^2(g.)_^^2(^) 
that is independent of these assumptions. Accordingly, we will call r-good intervals 
just good intervals from now on, and we will assume f = f o-nd g = Gxi^g. 
It is important to note that an interval J € 'Dgood satisfies the 'good' inequality 
iS.S^) with respect to both grids T>" and I?" . In fact, we will assume that the two 
grids T)"^ and I?" actually coincide. For this see Hytdnen, Perez, Treil and Volherg 
IHyPeTrVol . 

Remark 4. If J a I is an r, e-good suhinterval of an interval I, then one of 
the following two cases holds: 
Case (1): either \ J\ > 2-'' |/|, 

Case (2): or \ J\ < 2"^ |/| and dist (J, e (/)) > \ Jf |/|^~^ 

For a fixed interval I, there are only 2'"+^ intervals J in Case (1), and since the 
lengths of \ J\ and \I\ are comparable, all of the estimates we claim in this paper 
for Case (1) subintervals J turn out to be essentially trivial. Thus the Case (2) 
subintervals J constitute the substantial case, and for these subintervals we write 
J <^ I and refer to J as simply a good suhinterval of I . 



CHAPTER 4 



Intertwining proposition and functional energy 



Our main result here says that, modulo terms that are controlled by the A2 
and interval testing conditions, we can in two special situations, pass the w-corona 
projection P^g through the Hilbert transform H to become the cr-corona projection 
P^g. More precisely, we mean that with H^f = H (fcr), the intertwining operator 



per 

^ ft 



is bounded with constant MTV. The first special situation in which this works is 
when G C F and {F,G) S far{J'xQ), in which case the intertwining operator 



reduces to P'c^H^P'^^ since n = 



The case when {F, G) S Near {T x Q) is more problematic, and we do not know 
if the analogous result holds for it. However, we can pass the cj-corona projection 
P^ij through a restricted portion of the sum, which we now describe. For a fixed 
F G T, it will be convenient to write G ~ F to mean that G satisfies the properties 
{F, G) E Near x Q) and G C F, so that we can iterate the near sum as 



(F,G)eNear(J^xe) I (/,,/)eC|, xCg 
GCF 

= E E I E (H.^u, ^j9). 

FeJ^G~F [(/,J)gC|,xCg 

The additional restriction we impose on the inner sum above is that / is contained 
in a 5-child G' of G; thus while G C F, there is a sort of 'reverse' inclusion required 
of /. We will establish an intertwining inequality for the 'mixed' form, 

(0.4) B™„(/,5)=EE E (A?/,iJ.A:^g),. 

FeJ^G~F {i,j)ec'^xc^ 

I<EG'e<tg{G) 

We separate one of the main steps in the proof in the second subsection below, 
where we show in the Functional Energy Proposition |4] that the functional energy 
conditions are controlled by the A2 and interval testing conditions. We will freely 
apply the Intertwining Proposition [2] in the more complicated analysis of bounded 
fluctuation in later sections. 
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1. Intertwining proposition 

Proposition 2. Let f ~ J^FeJ^^C'^f "^"^ .9 — J^aeg^c^S P'^'rallel 
Calderon-Zygmund corona decomposition for f E {a) and g ^ (w). Then 
(1.1) 



E 



(F,G)GFar(J=-xe) 

GC-F 



|B„ 



■U.9)\<m'^)\\f\\ma)h\\L^(.)' 



There is of course a dual formulation with F d G. 

We will also need the following generalization of the Intertwining Proposition 
to parallel corona decompositions that use general stopping data as defined in 
Definition [T] 



Proposition 3. Let 



H, 



{f,9) + ^dtsjoint {f,g) + H/ar {f,9) 



be a parallel corona decomposition as in W. 6\) of the bilinear form {H^f,g)^ with 
stopping data J- and Q for f and g respectively. Then holds. 

In this first subsection we prove that the left hand side of (|l.ll) is dominated 
by the larger expression 

(1-2) (0^T23 + 5 + r)||/|li.(,)||g|L.(^), 

that includes the functional energy constants 5" and ^* . In the next subsection we 
show that the functional energy constants ^ and 5^* are themselves controlled by 
*TtT93. Finally, in the third subsection we prove the more general Proposition [3l 

Remark 5. We do not know if the following intertwining inequality holds: 



(F,G)eNear(J=-xe) 

GC-F 



< 



m'^)\\f\\L'^-i^.)\\9\\LH.) 



If true, we could use the techniques of this paper to replace the indicator /interval 
testing conditions \U.4^ with W.S\) and the following weaker inequality and its dual: 
\{HcrlE, 1f')wI ^ -\/|/|^ l^'L Z^*^ intervals I and compact subsets E, E' C /. 

Proof. We prove the inequahty (jl.ip with (|1.2p on the right side. We begin 
by writing 



H 



far lower 



if, 9) 



(F,G)eFar(J=-xe) 
GCF 



E E {H.Phf,^l9)^ 



JG-D" (F,G)eFar(J^xe) 
JSCg and GCF 

and claim the estimate 

(1.3) \Hfar lo^er (/,5)l < + ^J) ||/||^.(,) \\g\\^.^^^ 
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We have 

''far lower if, 9) 



E 



(J^,G)eFar(J^xe) 
GCF 



Geg 



E 



PcJ 



GCF 



Geg 



where 

Ig^ 



E 



PcJ = 



E 



^ AJ/, Geg. 



FeJ^: {F,G)eFar(J^xg) 
GcF 



FeJ^: (F.G)eFar(J^xe) /GCf 
GCF 



Now we decompose this last sum according to whether or not the interval / is 
disjoint from G: 



Ig = 

fh = 



E 



E ^//' 



FeJT: (F,G)eFar(JF-xe) /GCf: GC/ 
GCF 



E 



E ^if- 



FeJ^: iF,G) eFar (j^xg) I cCf- Gni= 
GCF 



Once again we have 



E / (fo) (p^ 

Gee 



E E 



GGSFeJ^: (F,G)eFar(J=-xe) ICCf JCCg 
GCF /nG=" 



J2 J2 [ HA^if) {^19)^ 

' ^ n — 1 f- n 



< 



< 



5^ \{H^{A'Jf),A'jg)J 
{Fj)eVxV'^: /nj=0 

m'S)\\f\\m.)\\9\\LH.), 

by Lemma [5] since the intervals / and J paired above are disjoint. 

Turning to the term involving Jq, we note that the intervals / occurring there 
are linearly and consecutively ordered by inclusion, along with the intervals F (z J- 
that contain G. More precisely, we can write 

G c Fi (G) C F2 (G) C ...F„ (G) g (G) C ...^^^ (G) 

where Fi (G) is the smallest interval in F containing G and F„+i (G) = 7rjrF„ (G) 
for all n > 1. Note that the only intervals F„ (G) occurring among the intervals / in 
the sum for Jq are those with n > 2, since we must have (F„ (G) , G) G Far (J^ x CJ), 
which requires that there is F' G T satisfying G C F' ^ Fn (G). We can also write 



G c /i (G) c /2 (G) c ...4 (G) c (G) c .../^ (G) = Fn (G) 
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where Ii (G) is the smahest interval in Cf2{g) containing G, equivalently Ii (G) = 
TTvFi (G), and Ik+i (G) = nvik (G) for all fc > 1. There is a (unique) subse- 
quence {kn}n=i such that 

Fn (G) =IkJG), l<n< N, 

upon defining Ik^ (G) = Iq (G) = Fi (G). Note here that the only intervals Ik (G) 
occurring among the intervals / in the sum for are those with k > ki. 
Assume now that fc„ < fc < fc^+i and 

(1-4) 9 {Ik (G)) = 4+1 (G) \ Ik (G) e Cf„^,. 

Then using a telescoping sum, we compute that for x Cz (Ik (G)), 



(1-5) fhix) 



l=k 



If kn < k < kn+1 and (|1.4p fails, then we have 

e{Ik{G)) e €iF„+i)cT. 
Thus we decompose (a:;) as (recaU Ik^ (G) = Fi (G)) 

^ I J- 1? I j-li 

G G,local •> G .corona •> G .stopping ' 

where 



G. local 



IG .corona 



EFi(G)/-EJK-/j (G) , 



e(/fc(G)) 



k>ki: e{Ik{G))<f:J^ 



G ^stopping 



E K/.(G))/-EL/)l«(/, 



.(G)) 



fe>fei: e(/fc(G))eJ=- 



Now depends only on Fi (G), and 

that if we write 



' G. local 



< 



{^k(G)\f\) li=^i(G),SO 



M(G) 

Rf.9 



^G,;oca;' 

E Pco5, 

GeS: Fi(G)=F 



then we have 
(1.6) 



E/^^(/. 

Gee-^ 



G .local 



^ /i/.(/f) (R^ff)< 
FeJ^' 



< 1^ (E-l/l) J|F|J|R^5l 



< 3:(5](E?,|/|)2|F|J (EIIRf5|| 

< '^\\f\\LH.)\\9hH^)- 
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Next we turn to estimating stopping decomposition of Jq, which can 

be controlled by the A2 condition alone. We claim 



(1.7) 

Gee 

To prove this we write 



J -^cr (^fh, stopping^ 



(1.8) 



stopping 



^ ^ {E^,f){HAlF),P-Ca9), 

Geg FeT: G(ze(F) 



FeJ^ \ Geg-. GCsomc F'ce{F) I 

< Y.(^Ff) E l(ff.(lF),AX9)J. 

FeJ^ jce{F) 

Lemma [7] applies to the final line above to give (|1.7p . We remark that using J C 
6 (F) in the final sum, we can replace ^/A2 with the classical constant in the 
estimate above. 

To handle Jq corona ^^^^ Lemma [3] and the functional energy condition 
(|2.ip above in conjunction with the representation 

N 



J G, corona 



E {KiI^{G))f - ^Lf) MhiG)) = E I^F„+,,G^F„ + ^, 

fe>fei: e{Ik{G))fj:T n=l 

where the function /3p^^^ q defined by 



Pf^.^.g^ E 

fc„<fc<fc„ + i: e(/fc(G))(^JP 



has support in En+i \ Fn- Moreover, ^ q satisfies the following pointwise esti- 
mate by (11.51) : 



(1.9) 



/3F„+„G(a^)| < (e?^„+J/|) iF^Mi^)- 



Thus with G (J) = G for J E Cq, we can write 



e/^^(/. 



G. corona 



(Pco5)-= E /^-(/G(7)™a) (a:^5)-, 



and then by the Monotonicity Lemma |3] and the bound (|1.9p we have 



G{J) , corona 



(J) 



< J2 {H^m^F\f\)K,F\F),h-)^ 



FeJ^: G{J)CF 
(F,G(J))eFar(J^xe) 



Given J e and F E F with vtjf-J C F, let J* denote the maximal good 
2?"-dyadic interval satisfying J C J* C as in Definition [T] Apply the pointwise 
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estimate in the Monotonicity Lemma [3] and write 



5= E \(9,h'j)JK 



With J {K) and J* {K) as in Definitions |6] and [71 we now obtain 



(1.10) 



{F,GiJ))eFar{Txg) 



J&T"^ FeJ^: G(J)<ZF 

{F,G(.J))£¥3r(TyiG) 



U 

K&F J-^J-'iK) \ .lev": JCJ' 

TTj.G(J)=K 



1 

^jg) ih^ij*^ E (E^,i=^l/I)i..n^^^ 

/ \ FeJ^: K'gF 



^ E E (uH'I^'^k) P(J*,-M./), 



where the collection of functions 



9K 



J2 A-g, K e 



jgV^ 

TTj,G{J)=K 



is J-"-adapted as in Definition |6] above. Indeed, for J G I?'^ and TTjrG{J) = K we 
have (f/f (J) ~'g{J) > 0, and the ortliogonality property 

(1-11) {gK,9K')^^0, K,K'eT, 

holds since if J e Cg, J' G Cg" and TrjrG ^ ttjtG", then J ^ J' . Note also that we 
have the property 

7r^G(J)=k 

Finally, property (3) of Definition [5] holds with overlap constant C — 2. Indeed, if 
J* C I C F with J* G J* (F), there are two possibilities: either (i) G(J*) C / 
or (ii) I ^ G (J*)- In the first possibility we have F = Fg(j*) it is now easily 
seen that the J* in case (i) are pairwise disjoint. In the second possibility, we have 
G{J*) = G{I), and again it is easily seen that the J* in case (ii) are pairwise 
disjoint. 

Since T is cr-Carleson, we can now apply the functional energy condition (|2.ip 
to the right side of (|1.10[) with the choice h = Maf- We have the maximal function 
estimate. 
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and so altogether we obtain that the right hand side of (|1.10|) satisfies 



1/2 



E \\9K\\h(^) 



< 



Mf\\L^a)\\g\\L^uj) < Mf\\L^a)\\9\\L^uJ), 



by JUT]) and (fTTTt . 

This completes the proof that the first term on the left side of (jl.ip is dominated 
by the larger term ()1.2|1 on the right side. □ 



Now we turn to proving that the second term Bmix if, g) on the left side of 
(jl.ip is dominated by the larger term (11.21) on the right side. 

Proof. We claim that the mixed form B^ix {f,g) defined in (|0.4p in can be 
controlled in the same way that the far upper form 

^ far upper if , g) — aP^a^ f ,PQ^g^ 

(F,G)eFar(J^xe) 
FCG 

= E E E E E (^^A?/,A^5L 

GeQG'e€g{G)FeJ^: Fee leCp JeCc 

= E E E E E (A?/,i?.A:^,)^, 

Geg G'e€g(G) FeJ^: fcG' leCp JeCa 

would have been controlled in the first part of the proof of Proposition [2l where we 
actually estimated the dual form H far lower instead. 

Indeed, the only difference between the two forms is that in Bmix we have the 
arrangement of intervals 

(1.13) IcG'cGcF, 

with I € Cp and J G Cq , while in H far upper we have instead the arrangement of 
intervals 

/ C F c G" c G, 

with / G Cp and J G Cq . To control H far upper in the first part of the proof, we 
would have summed over J to obtain a function gp, and applied the Monotonicity 
Lemma along with the dual functional energy condition. To control Bmix here, we 
do essentially the same, namely we sum over J to obtain a function g/, and apply 
the Monotonicity Lemma along with the dual functional energy condition. 
We write the mixed form Bj^ix (/j g) as 

Bmix (/, 5) = E (/' 9) ; 

FeJ^ 

Bm„,F (/,<?) ^ J2 E (AJ/,i/„A:^5)^ 

G~-P(/,J)6(c?,nC|;)xCS 

i^G'eeg(G) 

-EE EE i^lLH^^-jg)^ , 

G~FG'€€g{G) leCp: ICG' JeC"^ 
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and prove the estimate, 

(1.14) \B^^.,F{f,9)\<m^ + ^*) P?./ 

Then we can sum in F T and use Cauchy-Schwarz to obtain 

|B™. {f,g)\ < m^ + r) WfhHa) Mlh^) ■ 

Here are the details. 
We have 

B™„,f(/,5) = E E E E 

Gr^F G'e£g{G) leCf. ICG' Jec^ 



= E E E (A?/,ff.Pcs5 

leCp G~FG'G£g(G) 
/CG' 



where 



^^-E E Ea:^^;, 

G~F: G'eCg(G) JGCg 
/CG' 

and we recall that F e is fixed. We now decompose this last sum according 
to whether or not the interval J is disjoint from /: gj ~ 9^+9^1- As in the 
earlier argument, the term involving g^j is handled by Lemma [21 and we arrange 
the intervals J occurring in the sum for 

55-E E Ea^5, 

G~F G'e€g{G) JeC^ 
ICG' ICJ 



into an increasing sequence of consecutive I?"-dyadic intervals {Jk We also 

identify the increasing sequence of consecutive t?-stopping intervals {Gn {I)}n=i 
that contain /, as the subsequence with { J^^ (^)}^=i7 i-e. Jk„ (!) = Gn {!)■ It 
is important to observe that because of the arrangement of intervals in (|1.13p . we 
have 

/ C G' = Gi (/) c Ji (/) = TTv-Gi (/) c Gat (/) c Jk (/) = F. 
Now we decompose 

9i = 9] .local + 9] .corona + 9] , stopping ' 

where 



9hocal ^ [E-G,iI)9-EF9)iG^iI) , 

9],corona = E J, " ^fs) le( J, (/)) , 

fc>fci: e(.Jk(I))tQ 

9\,stopping = E {K{Jk{I))9 -E'pg^'^ei.Ikil)) ■ 

k>ki: e(Jk{I))CQ 
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The form corresponding to the local function g\ i^^^i = g%^(^i) satisfies 



/see 



G^F G'(^€g{G) /6Cf. 

Gi(/)=G' 



^ (pggncj/,i/.((ES5-E^ff)lG) 



^ E (Eg|g|-E-|.9|)^|GL 



^ E rccncj./ 



^G~F 



E (Eg |GL < 



VG~F 



We next show that the form corresponding to the stopping function g\ g^^pping 
is controlled by the A2 condition alone upon using Lemma [T) Indeed, we have 



stopping 



k>ki: e(jfc(/))ee 



lec 



EE E (A?/,i7.((ES,g-E^5)lG')). 

G~FG'e£g(G) /ecj.: 7ceG' 

^ E E E l(A?/,i/.((Eg,|.9|)lG')>J 

G-FG'eCg(G) /6CJ.: /ceG' 



^ II IIl2(^) II ^jf^ 



by Lemma [T] We remark that using / C 9G' in the final sum, we can replace \/'A2 
with the classical constant \/~A2 in the estimate above. 

Finally, the form corresponding to the corona function g\ ^^rona controlled 
by the dual functional energy condition upon applying the Monotonicity Lemma [3] 
as follows. We write 



JV 



9i. 



corona 



F,G„ + i(7) 



E {^e(Mi))9 - ^pg) Mmi)) - E /3f,g„+i(/)1g„+i(7); 

fc>fci: e(Jfc(7))^e n=l 

E {^oiMi))9-^F9)MMi)h 

fc„<fc<fe„+i: 9(Jfc(/))^e 



where P p q^^-^i^j-^ satisfies the pointwise estimate 

/3f,g„+i(/) i^) - (>l^G„+i(/) Iffi) 1g„+i(/)\g„(/) (2:) . 
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Thus with 



we have 



E {^if^H^ 



.corona 



N 



E i^if^H^ 



EE E (E-,G" i.9i) 

G\-F G'eeg{G)G"eg: G'cG"cg 

IGG' 



\G" 



Here the notation G \- F means that G is maximal with respect to the property 
G ^ F, and &g (G) denotes the successor set of all G' E G with G' C G. 

Now we use the arguments surrounding (jl.lOp and (|1.12p in the proof of Propo- 
sition [5] in order to apply the dual of the functional energy condition in (|2.ip . For 
convenience we write 



EE E 



E 



GhF G'Geg(G)G"eg: G'CG"CG G">il 
IGG' 

Then with F (G) = tt^G and I C I* CTigl and Gf = {G G : G F}, the error 
estimate in the the Monotonicity Lemma [3] gives 

^l.U.'^J^H^ ( (E^^G„ \g\) l.,G"\G" ) ) 



G"N/ 



E E 

ffGGF /*Gl*(ff) 



E ^?/) p 



E l5l) 



, G"m/ 
\ HCG"CF{H) 



where the collection of functions 



J2 ^1f, H e Gf, 



is t?i?-adapted as in Definition [B] above. Indeed, for / G C'^(h) ^ have 
fn {I) = /{!)> 0, and the orthogonality property 
(1.16) {fHjH')^^0, H^H'eGp, 
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holds since then n C^, = 0. Note also that we have the property 



(1-17) (^'i^'/^) = E \if^h^i)j{Tj:rrhi) >o 



leci 



IGI' 



Property (3) of Definition [5] holds here with overlap constant C = 1. Since Qp is w- 
Carleson, we can now apply the inequality dual to the functional energy inequality 
(|2.ip to the right side of (|1.15p . with the choice h = M.^P'^L^g. We have the maximal 

F 

function estimate. 



lL2(t^) 



< 



and so altogether we obtain that the right hand side of (|1.15p satisfies 



E E 



Heg i'ex*{H) 

< r\\h\ 



P{I\{M^g)uj) 



E 11/^1 

HeQ 



2 



1/2 



<riip^.3iiL^Mii/iU2(,) 



< r 



by the inequality dual to (|2.1I) , and (11.16^ . This proves (I1.14p , and hence completes 
the proof of Proposition [51 but with the larger term (|1.2p on the right side of 
(HH). □ 

2. Controlling functional energy 

In this subsection we prove that the functional energy conditions are implied 
by the strong A2 and interval testing conditions, thus completing the proof of the 
Intertwining Proposition [21 

Proposition 4. 'S<A2+'Z and S'* < yl2 + 1*. 

To prove this proposition we fix T as in (I2.ip and set 



|J* 



\c{J-),\J'\) 



(2.1) li^Y. E 

where J* [F) is defined in Definition [3 and the projections P"^ j* 
tions are defined by 



onto Haar func- 



E 



A' 



J- 



JCJ*: J<£J(F) 

We can replace x hy x — c for any choice of c we wish; the projection is unchanged. 
Here 5q denotes a Dirac unit mass at a point q in the upper half plane M^. 
We prove the two- weight inequality 

(2.2) I|P(/'t)|L^(m^,^) <||/|U.(.), 

for all nonnegative / in (tr) , noting that J-' and / are not related here. Above, 
P(-) denotes the Poisson extension to the upper half-plane, so that in particular 

2 



iiip(/-)iii^(n..) = E E 1 



'{fa) {c{r),\r\? 



F,J* 



\J* 



L2(a 
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and so ()2.2p implies by the Cauchy-Schwarz inequality. By the two-weight 

inequality for the Poisson operator in |Saw3| . inequality p.2p requires checking 
these two inequalities 



(2.3) 



' (Ija) {x, tf d^i (x, t) EE IIP (Ija) ||^,(,-^^ < (A2 + 1^) a{I) , 



'{tlf^)Ya{dx) <A2 j'^fi{dx,dt), 



(2.4) 



for all dyadic intervals I G T), where I = I x [0, |/|] is the box over / in the upper 
half-plane, and 



jfi{dy,dt) . 



If + \x-y\^' 

It is important to note that we can choose for V any fixed dyadic grid, the com- 
pensating point being that the integrations on the left sides of (|2.3p and (|2.4p are 
taken over the entire spaces and K respectively. 

Remark 6. There is a gap in the proof of the Poisson inequality at the top of 
page 542 in |Saw3| . However, this gap can be fixed as in [SaWhj or [LaSaUrlj . 

2.1. The Poisson testing inequality. We choose the dyadic grid V in the 
testing conditions (|2.3p and (|2.4p to be the grid that arises in the definition of 
the measure fi in p.ip . In particular all of the intervals J* lie in the good subgrid 
T^'good of T^- Fix I £ T). We split the integration on the left side of p.3|) into a local 
and global piece: 



/ V{lIafd^i^ V{liafdn+ / P(1/ct 
JrI JT Js.l\T 



fd^i. 



The global piece turns out to be controlled solely by the A2 condition, so we leave 
that term for later, and turn now to estimating the local term. 

An important consequence of the fact that / and J* lie in the same grid V = 2?" , 
is that (c(J*) , |J*|) e / if and only if J* C /. Thus we have 



'(1/cr) {x,t) dii(x,t) 



J2 E viii<y){c{-r)A-r\? 



F,J' 



E E 

FeJ^ j*eJ*{F): j*ci 



P(J*,W||P5^,,. — Ili.(^). 



Note that the collections J"* (F) are pairwise disjoint for F £ F, and that for 
J* € J* (F) we have 



(2.5) 



F,J'- 



J* 



x-E'^,x 



< 



X - E'j.x 
\J*\ 



duj{x) = EiJ*,ujf\ri 
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In the first stage of the proof, we 'create some holes' by restricting the support 
of (T to the interval / in the sum below. 

= 1 E + E I E P(^%WafllPVr^lli^M 

{feJ^: FCI FCF: FDl) J*£j-{F): J'GI ' ' 

= A + B. 

Then 

^^E E P{r,lFni<yfEiJ*,u;f\ri 

FeJ^ J'Ej'iF): J'CI 

FeJ" 

Here we have used that the constant £2, defined in the energy condition 

is controlled by the A2 and testing constant T (see jLaSaUr] ). We also used that 
the stopping intervals J- satisfy a cr-Carleson measure estimate, 

E i^i.^i^ou, 

FeJT: FC-Fo 

which implies that if {Fj} arc the maximal F ^ T that are contained in /, then 
E '^(^ n /) < 5^ 5^ a{F) < J2 < ail). 

F^r j FcFj j 

Now let J' (/) consist of those J* C I that lie in J'* (F) for some F D I. For 
J* ^ J (/) there are only two possibilities: 

J* I ov J* ($ I. 

If J* ^ I and F D I, then J* d F by the definition of J* good, and then by 
Property (3) in the definition of J'{F), Definition |6l it follows that the intervals 
J* € J (J) with J* (s I have overlap bounded by C, independent of /. As for the 
other case J* E J {!) and J* ($ /, there are at most 2''+^ such intervals J*, and 
they can be easily estimated without regard to their overlap if we let Fj- be the 
unique interval Fj* D / with J* G J* [Fj*). Inequality ()2.5p then shows that term 
B satisfies 
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J'eJ{I): J'(^I J'eJil): J'0I 

+2'-+i sup P{r,ljaf\\P-p,j.j^\\l 
< f2(T(/) + 2'-+%a(/) < (v42 + T2)a(/), 



since the intervals J* £ J (/) with J* I have overlap bounded by C, independent 
of/. 

It remains then to show the following inequality with 'holes': 



(2.6) E P(^Maf^)' 



\J*\ 



< {A2 + T^) a{I) , 



where Fi consists of those F E T with F C I. Because of the holes, we are able to 
express this inequality in dual language via the pointwise control given in p.2p of 
the Monotonicity Lemma [3l 



(2.7) 



We will prove below that for any dyadic interval /, 



(2-8) E E (^(lAF^)'5F„7*)^<1a(/)i/2 
FeJ^i j'eJ'(F) 



E E 9FJ' 

FeJ^ J'Gj'iF) 



where the functions 

9F,j' = i9F,j',h'j)^ h'^j, 

JeJ[F): JCJ* 

satisfy Ppj-^gp,./* — gF.j', and are pairwise orthogonal in {F,J*); and where the 
functions 

9F,j' ^ E \{9F,j',h'^j)J h'^, 

J£J[F): JCJ* 



satisfy the same conditions as the gpj* and with the same (w) norms. Using 
the equivalence (|1.2I) in the Monotonicity lemma, together with {gFj.,hj)^ > 0, 
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we get 
(2.9) 



J<£J{F): JCJ* 

J£J[F): JCJ* ' ' 

1 



Now 



FeJ^i j'ej'iF) ' ' 
can be viewed as an inner product, and since (|2.9p and p.Sp give 



(2.10) 



FeJ^i j*eJ*{F) ' ' 
< (x+v^]a(/)i/2 



E E 3^^.^- 



since ||ffi=",J' Ili2(-j^') = II.9f.,7* then follows by duality that 



E E ^p('^Maf-)'I|pv^I 

FeJ^i j*ej*(F) I"' I 



2 



<(T2+A2)a(/), 



which is (|2.6II . Thus it remains to prove 

The key to this is to note that we can now 'plug the hole' we created above in 
order to dualize (12. 6p via the Monotonicity Lemma. We have 



E 9F,J' 



J2 E (ff(lF^),5F„7.).<X ^ a(Fn/)V2 
FeTiJ'eJ'(F) F£Fi 



< 1 



F£Ti 



Fej^i 



E 9FJ' 

j*ej*(F) 



1/2 



And this gives us the inequality we want. The functions gp.j* sue pairwise orthogo- 
nal in L'^iw). And the intervals J- are stopping intervals, hence satisfy a cr-Carleson 
measure estimate, which if {Fj} are the maximal such F contained in / leads to 

E '^(^ n /) < ^ ^ aiF) < Y ^(^.) < ^W- 

FeJ^i j FcFj J 
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But it is trivial that 

^ ^ (ff(lH,5F„7.).<Ta(/)i/2 

F£Ti j*eJ'(F) 



FeT .]eJ(F) 



and combined with the previous display and H {lj\pa) = H (1/cr) — H (Ifc), this 
yields (|2.8p . This completes the proof of the local part of the first testing condition 

(1131). 

Now we turn to proving the following estimate for the global part of the first 
testing condition (|2.3I) : 



/ V{liafdy.<A2\I\,. 



We begin by decomposing the integral on the left into four pieces: 



JmI\T 



F~J* 



QUI 

'^F,J' 



I J* 



J*n3/=0 J'C3I\I J'(M=$ 

\r\<\i\ \r\>\i\ ^ 

= A + B + C + D. 



F~.J* 



^F.J* 



I J* 



We further decompose term A according to the length of J* and its distance 
from /, and then use (|2.5p and E (J*, w) < 1 to obtain: 

\ 2 



A < 



( 2-"|J| 



EE E 



|J*|=2-"|/| 

< E2-^"E^^^^-^— ^ 

ri=0 fc=l 



oo oo 
n=0 fc=l 



2fc 



i3'=/r 

gfc+ljl |3fc+lj 



i3'=/r 



|/U<^2|/U. 



We further decompose term B according to the length of J* and then use the 
Poisson inequality (|2.6p . 

|j*,x2-4e 



p(jM,ar < (^^j p(/,i/ar, 

in Lemmaini which requires the fact that our grid 'D'^ood ^ good subgrid oiV — V"^ 
as defined in Subsection |3l We then obtain 

^ ^ E E (2-")^-"f^)V*L 



n=0 J*C3/\/ 
|J*|=2-"|/| 



< E(2 

n=0 



_„,2-4s I3/IJ3/L 



|3/| 



|/U<^2|/L 
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For tcinii C wc will have to group the intervals J* into blocks Bi, and then 
exploit the mutual orthogonality in the pairs {F, J*) of the projections Ppj, defin- 
ing n, in order to avoid overlapping estimates. We first split the sum according to 
whether or not / intersects the triple of J*: 



C 



E 



E 



J*: /n3J* = 

|.r|>|/| 



J*: /C3J*\J* 
|7*|>|/| 



J" 



dist{J*,I) 



E 



= C1+C2. 

Let {-Bi}^;^ be the maximal intervals in the collection of triples 

{3J* : I J*| > |/| and 3 J* n / = 0} , 

arranged in order of increasing side length. Below wc will use the simple fact that 
the intervals Bi have bounded overlap, Is^ < 3. Now we further decompose 

the sum in Ci by grouping the intervals J* into the blocks Bi, and then using that 
Ppj,x = Pp j, {x — c {Bi)) along with the mutual orthogonality of the P%^j* ■ 



< E E 

i=l J*: 3J'CBi 



\J* 



E 



F,J* 



< 



< 



< 



< 



E 



1 



E 



^ \dist{Bi,I) 
1 



dist {J*, I) 

^1.) E E II p^.^'^ 

/ J*: 3J-C-B, F~J' 



^ \d,ist{B,,lY 

y( ' 

jr{ \dist{B,jy 
\y^ \Bi\Ji\A 



\\\BAx-c{Bi))\\'^. 



\il<M\i[ 



since dist{Bi,I) « \Bi\ and 



1^1 ^ 

|/| ^Jb, dist{x,I)^ 



< LIzp(/,^)<^2, 

since Yl'iLi '^Bi < 3. 

Next wc turn to estimating term C2 where the triple of J* contains / but J* 
itself does not. Note that there are at most two such intervals J* of a given length, 
one to the left and one to the right of I. So with this in mind we sum over the 



46 



4. INTERTWINING PROPOSITION AND FUNCTIONAL ENERGY 



intervals J* according to their lengths and use (|2.5p to obtain 

f \J*\ 



< 



or-. ic3r\r \dist{J*,iy 



E E 

': 7C3J 
|J*|=2"|/| 



i^U E 



|3 • 2"/L 



l^l.y^ |3-2"/L 



* I J* 



< [^P{I,^)]\Il<A2\Il 



Since 



|3-2"/L 



y E^l3.2"/(a:) da.(x)<P(/,a.), 



Finally, we turn to term D, which is handled in the same way as term C2. The 
rvals J* occurring here 
1 < A; < 00. Wc thus have 



intervals J* occurring here are included in the set of ancestors Ak = tt^'i of /, 



D = J2^{lja){c{A,),\A,\f 



k=l 



F.,J' 



\Au 



< 



< 



E(^) i^^lH^E 



\AkL)\Il 



since 



J fc^i i^fei 



< 



^dw (a;) = P (/, Lu) 

\I\^ + dist{x,lf 



Remark 7. The reduction to the testing condition here seems to be essential 
as one can't 'plug the hole ' in the function setting. 

2.2. The dual Poisson testing inequality. Again we split the integration 
on the left side of ()2.4p into local and global parts: 

/ [¥*{tljf,)]'a= [ [F*{tlp,)]'a+ [ [¥* {tljt,)]^a. 

JR Jl Jr\I 

We begin with the local part. Note that 



(2.11) /jXx,i) = E E II p^.^- 



^IIl2(^) 



J'CI 



where we are using the dummy variable z to denote the argument of P'^ j. so as to 
avoid confusion with the integration variable x in da (x). Compute 



(2.12) 



(tij^) {x) = j2 E 



\^F,J''^\\l^(u:) 



, H, . |J*P + |2;-c(J*)|2 

J*eJ*{F) ' ' ' ^ " 



FeJ^ ,rej*{F) 
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And so, it makes sense to expand the square. The diagonal term is 
(2.13) 



E E 



H 2 

-F,./"^llL^(t^) 

\J? + \x-c{JW 



J*C/ J*C/ 

|P'f.J-'^IIl2(^) 

FG^,rOT)^ (|J*P + |x-c(J*)P)2 

J*C/ 



(2.14) w/iere Mi = sup sup / „ .,,2,1 — 3^7^1212 (^2;). 



But, by inspection. Mi is dominated by the A2 constant. Indeed, for any J*, we 
have by (^3]) 



{\J*\^ + \X-C{J*)\Y ' ' - \J*\ J (|J*|2 + |2;-c(J*)|2)2 

Having fixed ideas, we fix an integer s, and consider those intervals J and J' 
with I J'l = 2^''| J|, where we are now dropping the superscripts * from the intervals 
J* , but not from J'* (F) , for clarity of display. The expression to control is 

^ ^ \p f \\^F,J*4l2(^^) \\Pf'..J'412(^^) 

2^ 2^ 2^ 2^ Jj\j\'^ + \x-c{j)\'^\j'\^ + \x-c{j')\^''^ ' 

F£T JeJ(F) F'eJ' J'£J{F) •'-'II I V ;i I I I V ;i 

|J'|=2- = |J| 

<M2^ E \\^F,J'Z\\l 

FeT .j£j(F) 

.here . sup ^ sup^^ ^^^g^^ / |J|2 + |. _ e(J)|2 + |. _ .(^OP ^^^^^^ 

|J'|=2-=|J| 

We claim the term M2 is at most a constant times A22^''- To see , fix J as in 
the definition of M2, and use (12. 5p to estimate the integral on the right by 

\J'L f \JT \J'\ < , 2-2^ 

|J'| A |J|2 + |x-c(J)|2|J'|2 + |a;-c(J')|2 ^ 'l+7l2 

where n is an integer chosen so that (n — 1)| J| < dist{J, J') < n\J\. Then estimate 
the sum over J' as follows. 



E E 



2-2s 2-'* 



< 



^, ^ , , 1 + n2 ^ 1 + n2 ■ 

F'<^^ .J'eJ'(F') : |J'|=2-=|J| 
{n-l)\J\<dist{J,J')<n\J\ 

because the relative lengths of J and J' are fixed. This is summable over n e N 
to 2^*^, so it completes our proof of the local part of the second testing condition 

It remains to prove the following estimate for the global part of the second 
testing condition (|2.4p : 



/ r{tlJ^,)Ya<A2\Il 
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We decompose the integral on the left into two pieces: 

/ [ritlJ^i)fa = / [P*(tl7M)]V + / ntljfi)f<J = A + B. 
Jr\i Jr\3I J3I\I 



We further decompose term A in annuli and use (|2.12p to obtain 



A 



n=l-'3"+i/\3"/ 



E 

oo 

E 



< 



„^i,;3"+i/\3"/ 



„^lJ3"+i/\3"/ 



E E 

F€J^ J'eJ'iF) 
J'CI 



|J*|2 + |a;-c(J*)|2 



E E 

FeJ^j'ej'iF) 



PF,j*^lli2(cj) 



|3"/| 



dtr (x) 



Now use (|2TT|) and 



to obtain that 



^ E 



E \\^FJ*z\\L-^{ij) 


<l|l/(^ 


-eJ-iF) 






J' CI 






f 


Jj'^dn 






J3"+i/\3"/ 









< 



E3- 

^ n—1 



Ign+ljl 



|3«+1J| 



|3"/| 



rd^ 



^da {x) 



< A2 / t^dfi. 



Finally, we estimate term B by using (|2.12p to write 



B 



3I\I 



E E 

FeJ^ j'ej'iF) 
J'ci 



\'^F,J'^\\l^{u 



|J*|2 + |a;-c(J*)|2 



dcr (x) . 



and then expanding the square and calculating as in the proof of the local part 
given earlier. The details are similar and left to the reader. 

2.3. General stopping data. Here we prove Proposition |3l Let / € (a) 

and g € (lu). Suppose we are given stopping data for / as in Definition [l] i.e. a 
positive constant Cq > 4, a subset of the dyadic grid T)"' , and a corresponding 
sequence ajr = {ajr of nonnegative numbers ajr > satisfying 

(1) I/I < ajr (F) for all I € Cp and F e T, 

(2) Ef'^f \F'l < Co \Fl for all F € T, 

(3) EFe^<^^iFf\Fl<\\EFe^^^iF)^F\\U.)<C^\\f\\lHa)^ 

(4) ajr{F) <ajr {F') whenever F',F eJ" with F' C F. 
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Note that we have here included in property (3) the quasiorthogonaUty inequal- 
ity (|0.7|) . Similarly, let Q and /3g = {/3g (G)}^^^ be stopping data for g. We begin 
by following the proof of Proposition [2l which makes no use of the explicit form of 
stopping data until we get to the telescoping sums in inequality (|1.5|) . which now 
becomes 



KiiUG))f - EL/ ^ «^ {Fn+i)+ar (K) < 2a^ (K+i) 



by properties (1) and (4) above. Then we proceed with the decomposition 



JG ~ Jq docal .corona stopping ' 



JG 



The estimates 



see 



< nf\\ma)\\9\\mu), 

< v^I1/I1l2(.)|15IL2(^) 



now all follow as in the previous proof using properties (1), (2), (3) and (4) above. 
Indeed, using (1) and (4) as above, the estimate (II. 6p becomes 



Gee 



< T E"^(^)'i^iJ EiiR^ffi' 

V-FeJ^ / \FeJ^ 



where in the last line we have used property (3) above, together with the orthogo- 
nality of the projections R"^ = X^Gee- Fi{g)=f ^Cg9- Then using (1) and (4) again, 
the estimate (11.81) becomes 



E 

Gee' 



( fa^stopping ) y'cn9) ^ 



FeF Jce{F) 



which is dominated by \/^ ||/|lL2(cr) ll5liL2(^') upon application of Lemma [7] and 
property (2) above. Finally, using (1) and (4) yet again, the estimate (|1.9p becomes 



I^F^+,,G i^) < a.^ (Fn+i) If,, 



+ l\Fr. 
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and this transforms the estimate (jl.lOp into 



KeT j*eJ*(K) \ .lev": JcJ' / 1'^ i \ p^jr. j^cp 



where 



substitutes for the maximal function Aiaf used earlier. Now we use property (3), 
together with the fact that the collection of functions {qk} xeT -^-adapted as in 
Definition [HI to obtain the bound 

KeT j'eJ'(K) ^ ' ' ' " 

This establishes the bound for the first term on the left side of in Propo- 
sition 121 but with the constant OTTQJ + + t?* on the right side. Proposition |3] 
now applies to complete the proof of Proposition |3l The proof for the second 
term B>mix (/, g) on the left side of (|l.ip is also similar to the corresponding proof 
in Proposition [31 using only modifications of the type already described above. 
Proposition 13] now applies to complete the proof of Proposition [31 

2.4. Proof of the Iterated Corona Proposition. We can now prove the 
Iterated Corona Proposition [H For this we return to the parallel corona splitting 
(|0.6p . but with general stopping data for each of / and g. We then decompose the 
far form H/ar (/, s) into lower and upper forms in analogy with T-Li 

ower &'Ild T~iupper 

in ([031): 



H/a.(/,ff) = E + E (^<^P?./'Pco5L 

(F,G)eFar(J^xe) (F,G)eFar(J^xe) 
I, GCF FCG ) 

= H lower if , g) ^" H upper if , g) ■ 

Let N„ear, ^disjoint, ^far lower and Nfar upper bc the bouuds for the nonhnear 

corona forms H^ear if,g), ^disjoint {f,g), H/ar lower (/, ff) and H/ar upper if,g)- As 

mentioned earlier, Lemma [21 gives 
Our goal here is to show the inequality 

(2.16) l^/ar lower "t" N/ar upper ^ OTX^. 

By symmetry, it suffices to consider N far lower, and since the form H far lower if, g) 
is controlled by the Intertwining Proposition [21 we have 

l^/ar lower l^/ar upper ^ DTXQJ, 
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which completes the proof of the Iterated Corona Proposition [1] 



CHAPTER 5 



Decomposing the functions 

We apply three different corona decompositions in succession to the function 
/ G (cr), gaining structure with each application; first to bounded fluctuation for 
/, then to minimal bounded fluctuation for /, and finally to regularizing the weight 
a. The same is done for g G (ui). Finally, we combine these decompositions for 
/ and g into a triple parallel corona decomposition to which the Iterated Corona 
Proposition [T] and the Intertwining Proposition [3] apply. 

1. Bounded fluctuation 

The connection between bounded fluctuation and the corona projections P'^a f 
in the CZ decomposition of / is given in Lemma [8] below. We need the following 
definition. Given 7 > 1, an interval K £ V and a function / supported on 
K, we say that / is a ^-simple function of bounded fluctuation on K, written 
/ e SBJ-'^^'^ (K), if there is a pairwise disjoint collection /C of 2?°'-subintervals of K 
such that 

/ = X! ^K'^K', 

K'eK 

o-K' > 7, K' £ K., 

wJ/' ^ 

where 

jC = {I : I C K Siiid I ^ K' ioT some K' e IC} . 

Using the facts that jji- /, |/| cr < 1 for / e /C and tjt- Jj |/| cr > 7 for / e /C, it 
is easy to see that the collection K. is uniquely determined by the simple function 
/ of bounded fluctuation, so we will typically write ICj for this collection when 
/ e SBTi''^ {K). Note that functions in SBTI'*^ (K), unlike those in BT^'''^ (K), 
do not have vanishing mean. 

Remark 8. There is a more general notion of simple function of bounded 
fluctuation on K , that permits f to take on both positive and negative values, 
namely we say that f S QBT^^^ (K) if we only require \aK'\ > 7 for K' G K, 
and ijj— /f I/I cr < 1 for / G /C along with the other restrictions. However, ev- 
ery function in QBT^^^ (K) can be written as the difference of two functions in 
SBJ-^^^ (K), and it will be a key point in the proof of Proposition\^ that all the 
values of such f can take a single sign. 

Lemma 8. Suppose thatJ-' is a stopping collection for f e (a) with Calderon- 
Zygmund stopping constant Co > 4. Given 7 > 1, there is for each F E F a 
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decomposition, 

(1-1) PcJ = {Pcj), + {Pcj), 

< If, 



(Co7 + 7 + l)E?,|/| 

/n particular, we have 

PcJ = (Co7 + 7 + l)(E?^l/l) /io + (Co + l)(E?,|/|) /ii; 
K e ^ = l,2. 

Proof. To obtain fix F e for the moment, and write 

where 

F = i^\^^and^^= IJ F'. 

Then if a; € -F we have 

where K (x) is the smallest child of any interval in the corona Cp that contains x. 
Thus 

(1.2) \P^cJi^) IpWh |Ek(.)/-1EJ/| li?(x)<(Co + l) E?,|/| 
where Co is the Calderon-Zygmund stopping constant, and 
^pPcJ^ E (Ef'/-Ef/) 1f'. 

Now let 

Cfc,,, (F) = {F'e€ (F) : IE-,/ - E?./| > (Co7 + 7 + 1) E?, |/|} , 
set CsmaH = £ \ dbig (F) , and then define 

F'eC.„„ii(F) 

(P2./)2 = E (Ef'/-E?^/) 1f', 

to obtain the decomposition (|l.ip . 

Indeed, from (|1.2p and the definition of £smaii (F) we have 

|(P?,/)J < max|||P2^/(a:) sup |E^,/-E^/|l 

< (Co7 + 7 + l)E?.|/|. 
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To see that (^Co+m" I/I C^c^/jz ^ ^^^'^ (■^)' ^^^^ I C F such that I ^ F' for 
some F' G €big (F). Then we have 




< l/l + ij5-ftEJ I/I |/|, < (Co + 1) EJ I/I , 



where Co is the Calderon-Zygmund stopping constant. On the other hand, for 
F' e €ug {F), we have 

^^J(P2./)2k = |E?^'/-E?^/l>(Co7 + 7 + l)E?^l/|-E?^l/l 
= (Co + l)(E?,|/|)7. 

□ 



2. Minimal bounded fluctuation 

In order to continue the proof of Theorem [21 we must make a crucial decompo- 
sition of functions / G BTa (K) into bounded functions and functions of minimal 
bounded fluctuation, the latter functions having a great deal of additional struc- 
ture owing to their minimal Haar support. We will present the decomposition in 
three stages, first to bounded and simple functions of bounded fluctuation, then to 
bounded and prebounded and prefluctuation functions, and finally to bounded and 
functions of minimal bounded fluctuation. 

We begin by recalling from Definition [3] that / G BJ-^ (K) if it is supported in 
K with mean zero, and equals a constant qk' of modulus greater than 7 on any 
subinterval K' where E^, |/| > 1. If we require in addition that 

aK' > 1, K' G /C/, 

then we denote the resulting collection of functions by VBJ-^J^ (K) . Recall also that 
SBT^J^ {K) consists of those functions / G VBT^ (K) for which / = J^K'eKf ^if'lif'- 
We have the following simple decomposition. 

Lemma 9. Suppose that f G BT')^'^ {K). Then we can write 
f = hbdd + h^iuc - h~fiuc^ 
where h^d & {L^)i {<j) and h%^^ G SBJ^^;'^ (K). 
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Proof. We simply define 



^~fluc — 








^fluc = 








hbdd = 


u 







□ 

We now prepare to give our main proposition on decomposing a function of 
bounded fluctuation into a sum of bounded and minimal bounded fluctuation func- 
tions, which we refer to as restricted bounded fluctuation functions. We set 

(cr) = |/ e (cr) : supp / C and J fda = o| , 

^fMi ^ {/e^F (^):|I/IIl-.(.)<i}- 

Definition 9. Define the set of functions TZBJ''^^^ (F) of restricted bounded 
fluctuation on F by 

TZBF^J^ (F) = MBT'--'^ (F) + Lf (a), . 

Next, we record a decomposition of / into prebounded and prefluctuation func- 
tions in part (1) of the proposition. 

Definition 10. Let j > A. A function f supported on an interval K V is a 
prebounded function on K if 

||AJ/||^<4, for all I ^V. 

A function f supported on an interval K G T) is a prefluctuation"*" function on K , 
respectively a prefluctuation"" function on K, (relative to if 

sup AJ/ > 7 and | AJ/| < 2, for all I such that f{I) 7^ 0, 
I 

respectively 

inf < -7 and | AJ/| < 2, for all I such that f{I) 7^ 0. 

The point of these definitions is that the foUowing properties hold: the Calderon- 
Zygmund decomposition of a prebounded function has corona projections that are 
bounded, and the Calderon-Zygmund decomposition of a prefiuctuation function 
has corona projections that are of restricted bounded fluctuation. In general, nei- 
ther of these properties hold for Calderon-Zygmund corona projections of general 
functions when the measure a is nondoubling. 

Finally, we note that our decomposition below is infinite, and necessarily so by 
the example in the appendix. 

Proposition 5. Suppose that f £ BF'-J^ {K) as in Definitions^ with 7 > 16. 
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(1) There is a decomposition 

(2-1) / = fbdd + ffiuc - ffluc^ 

of f into prebounded and prefluctuation^ functions fbdd, f^iuc^ fjiuc 
i.e. 



bdd\ 



< 4, 



lev, 



< 2, 



¥^U7iuc < -7 and A?/^„^ < 2, (/) ^ 0. 



flue 



I flue 



(2) There are collections of stopping data for fbdd and f^i^^, with stopping 
times S and , and corona projections fbdd,s = ^Cgfbdd and ffi^^^x = 
Pq ^ffiue' ^^at satisfy Carleson conditions 



J2 \S'l < MSI, SeS, 

S'CS 



T'CT 



(2.2) 



l!/l 



(2.3) 



and a quasi- orthogonal decomposition 

f = fbdd + ff^lue ^ fflue^ 



2 



^ fbdd,S + X! ff^lue.T ^ ^ f. 

ses TeT+ TeT- 

ii/fcdd,siii2(^) + Ik. 



ses T£T+ 
such that for all S £ S and T G 
1 



flue,T\\^^^^^ 



Ter- 



2 



5E5 l/i 



S \Jbdd\ 



bdd,S 



< 1, 



1 



30E^ 



ffluc 



L~(S) 



ffluc 



Note that we do not assert any control on the averages E^ | fbdd \ and E^ 

in Proposition [SI The quasi-orthogonahty in (|2.2p is, together with (I2.3P and the 
Carleson conditions, sufficient to adequately control the (a) norm of /. 

Proof. We begin by applying Lemma [HI to obtain a splitting 

/ = hbdd + h+i^^ - h^j^^, 
where ||/i6d<i|loo ^ 1 ^-nd hfi^^ e SBT'^^^ (K). If we write 



flue 



^K"'fl^ 



+ (—) 

then gfi^^ S VBF), ^ {K) provided 7 > 1 is chosen large enough. Fix a sign ± 
and for convenience write g — g^i^.^ momentarily. Since ga = and g is constant 
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on each K' & ICg, we have 

supp g C ICg = {I C K : I (t K' for any K' G ICg} . 
Now we spht ICg into two pairwise disjoint subsets: 

ICg = |/ee, :||AJg|U<^||j|/e^:supAj5>^| 

= )Cg (bounded) |^/Cg (positive) . 

If we write Ismail and Iiarge for tire two children of / where \Ismaii\o- < \Iiarge\„, 
then we have 



(2.4) A? g - {El^^^g - EJg) + [El^^^^g - EJ^j 
where 

|g| < 1 and EJ,^^^^ |g| < 1 for / e ^, 

(— ) -1 
since 5 G SJ^o- ^ (iiT). It follows that if || A^gjl^ < then in fact we have the 

better bound ||Aj5||_^ < 2, so that 

(2.5) IIAJ'.gll^ < 2, I e ICg (bounded) . 
It also follows that if / belongs to ICg (positive) , then 

^ < K^.u9\ < E?„„„„ |5l < rr^E] \g\ < 

^ l-'-sm.alllfj \-^srnall\fj 

which shows that Ismail G ICg, i.e. / G 7r/Cg, and in addition that 

2 

7-3 



Now recalling that g — gfi^^, we define 

fbdd — 5Z '^/5/;„c' 



/tE/C ± (bounded) 



ffluc ~ ^ ^idfluc^ 

IGK ± (positive) 



bdd' 



and note that so far we have shown 

(2.6) WA-ifbddlL < \\^l[hbdd+{E'J,h+^^)lK-(E],hJi^^}jlK 

+ 11^/ {fbdd ^ fbdd) Hoc 

< 6 + 4 = 10, lev, 

supp f flue = (PO^i^i^*^) =^^9±„,' 

for 7 > 1 large enough. This establishes (|2.ip . 
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Now we apply a standard Calderon-Zygmund decomposition to fbdd to obtain 
stopping times S with top interval So = K and 

Child{So) = {5GP:5c5'o = ifismaximalw.r.t. E5|/Md| >4E5J/Md|}, 
Child {S) EE {S' eV : S' d S is maximal w.r.t. Eg, \ fbdd\ > 4E5 \fMd\} ■ 

We then have 

fbdd — ^ Pcsfl>dd- 

ses 

Now comes the first crucial point. The functions P^^fbdd are bounded by 
5E5 l/bddl if 5 e 5. Indeed, with the notation S= [j S" and 5 = 5 \ 5, we 

have for S ^ Sq, 

\\Pcsfbdd\\^ < m^^{\\lsP^Csfbdd\LM^sPcsfbdd\\J 

< max \ 4E5 l/^dl , sup lE^s-fbdd - Esfbdd\ \ < 5E% \fbdd\ , 

[ S'eChild{S) J 

since ((^ and (^31) give 

|E§'/brfd| < WA^sJbddW^ + ms'hddl < 1 + 4E5 |/,,,| . 

This completes the proof of the first half of (j2.3p . 

Now we turn to the function /j^^^, and apply a standard Calderon-Zygmund 
decomposition to and obtain stopping times and coronas {CT}TeT+ ^i^h 
top stopping interval Tq = K such that 

Ter+ 

Let T eT+ and let Childr+ (T) be the collection of r+-children T' of T. We set 
C*r^{leCT: (^) ^ O} = Ct n 7r/C^+^^ , 

and denote by 

G: + (T) = ^ + n Childr+ (T) , 
those T +-children T' e Childr+ (T) belonging to /C + . Now set 

(r)^{r'eG: + (r) : e?;, A-^, />(/? + 5) e?; 

and define 

to be the Haar projection of / onto t:<L^^_^ (T). To orient the reader, we point 
out that there are four pairwise disjoint classes of intervals K' in /C + that are 
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subsets of T: 

ClassT (1) 
ClassT (2) 
ClassT (3) 
ClassT (4) 



flue - ' ■ S^,„ 
(/3) 



j/s:' e /C + :K"^T' for some T' G Childr+ {T)\ . 



For those A'' G Classr (1), we have 



(2.7) |e- , (P2./+„,) 



< 5E^ 



flue 



and for those G Classr (2), we have 



(2.8) |e^'(p?,//^„c)| < A^^, /I + |e^^,/+„, - 



< (/3 + 5)EJ /+, 



flue 



When K' € CIqsst (4), the Haar projections A^^,/ arc not inchided in the Haar 
support of Pc-rftiuc- Thus it is the K' e Classr (3) = (T) that can arise as 

the distinguished intervals for a restricted bounded fluctuation function, and this 

is what motivates the definition of i/i^ above. 

Suppose / is an interval in the dyadic grid that is not contained in any K' 
in ClassT (1) U C + (T). We first note that 



flue 



< 4E5. 



flue 



Indeed, let L be the smallest interval in the corona Ct that contains /. From our 
choice of /, it follows that either I = L gCt and 



flue 



E? 



flue 



< 4E? 



flue 



or the child Lj of L that contains / is also in the corona Ct and 



EJ 



fii 



flue 



fii 



flue 



< 4E? 



flue 



Set L* = L or Lj according to whether or not I ^ Ct^ and note that Ej [t/'^I = 
E-. |^^|. 

Now comes the second crucial point. The definition of /^^^ implies the in- 
equalities 



(2.9) 



E^, A-^, / > 



7-1 



and E^^, A-^, / < 0, 
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as A^j^,/ has mean zero. Thus the expectations El, A^^, / all have the same sign 
when L* C 9K', and we conclude from our choice of / that 



El 



< 



E 



K'eClasST{l)UC + (T): L'ceK' 



< 5E^ 



flue 



Moreover, for K' e Classr (1) U Classr (2), we showed in (pj)) and (fill) above 
that 



X' (P2./^c)|<(/3 + 10)Ej|/+„ 



Finally, for K' G CZassr (3) = G:^+^ (T), we have 

9/iuc 



E^, 



E 



E 



T'ee"7 (T): K'ceT' 



> |E?,.(A^^.,/)| 

> (/3 + 5)E?; /+ 



E 



flue 



5E% 



I flue 



/3E? 



///uc 



It follows that 



r( 3+10 ) 



(/^+io)4 | //,„c |^'^ ^ A^en^+"' (T), and the choice /3 = 20 gives 



30E^ 



1 e TWSJ-^^^ (T) . 



Now we define 



E 

i<''eC/a5ST(l)UCiasST(2) 



and note that by the above arguments we have 



IV'tL < (/3 + 10)E?^ 



flue 



= 30ES 



flue 
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with the choice /3 — 20. Thus we have 



1 



30Ef, 



flue 



fluc,T 



30Ef. 



I flue 



per !•+ 
^C^+ J flue 



30E° 



flue 



30E° 



'flue 



e + MBF^^^ (T) = UbA^^ (T) , 



which proves the second half of 

m 



and this completes the proof of Proposition 

□ 



The following lemma is also needed in the sequel. 

Lemma 10. Suppose that Ct is a connected grid with top interval T d F. If 
f lies in BT'"^^ (F) (respectively TZBJ^^J^ (F) ) with 7 > 0, then the Haar projection 

\Pct^ 5/ BF^^^ (F) (respectively UBF^^^ (T)). If Ct is an arbitrary 

grid with top interval T cF, and f £ MBF^^^ {F), then \Pc^f G MBf\^^ [T). 

Proof. We prove the assertion for TZBF^^^ (F), and leave the similar case of 
BF'-J^ (F) to the reader. We may assume that either / e MBT'^J^ (F) or / e 
(L'p)^ (a). Let F be the connected hull of the Haar support of / (i.e. the smallest 
connected grid containing the Haar support of /). In the case that f e MBF''^^ (F), 
let /C/ be the intervals on which / takes a large constant value, while in the case 
/ £ (-C'F )i ^/ — ^- The function P^^f is supported in T, and will have 

constant value greater than 7 on any interval F' E ICf whose parent ttF' lies in 
Ct- Otherwise, ii x € T does not lie in such an F' , denote by Ii (x) the smallest 
interval / in the connected tree F H Ct that contains x, and denote by I2 (x) the 
largest interval in the connected tree FOCt that contains x. Then if Ii {x) denotes 
the child of Ii (x) containing x, it is not one of the F' d ICf, and so we have 



E 



A?/(a:) 



E 



f.(.)/(-)-E?.(.)/(-) 



< E^^^^^|/|+EJ^(,)|/|<2. 

We conclude that ^Pc^f G MBf\^'' (T) or (i^)^ (ct). The final assertion for 
/ e MBF^J'^ (F) follows from the inequality E^^, A^^,, f < 0, K' e ICf, itself a 
consequence of E^, A^^, / > and the fact that A^^,/ has mean zero. □ 

One final observation is in store here, namely that we can always assume 7 is 
as large as we wish in TZBF'-^^ (T) at the expense of dividing by a constant C^y. 

Lemma 11. We have UBF^^^ (T) C jf-^UBF'^^^ (T) for < ri < j < 00. 

Proof. Let / e UBF'-J'^ (T) with / = g+h; g e (Lf)^ (ct) and h £ MBF'^^'^ (T). 
Then set 



hbdd ~ 



h and hfiuc = ^ ^Zk'^^ 
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to obtain ^(-y+i) hbdd e (i^ )i i'^) ^nd i/i//„c e MBJ^^^'^ (T). Then ^:^f equals 
4(^+1) {g + hbdd) plus ■^^:p^hfiuc, which is in TZBT'^J^ (T). □ 

3. The energy corona and stopping form 

In order to proceed with interval size spHtting we must first impose an energy 
corona decomposition as in [NTV4| and [LaSaUr] . Recall the energy E(J, w) of 
a measure w on a dyadic interval / is given by 



■-/r n2 1 /■ fx-EfxV , , , 1 



I/I' 



2 



JCI 

where the second equality follows from the fact that the Haar functions {h'j} 
form an orthonormal basis of {/ G (a;) : supp/ C / and / fdu! — O}. Recall also 
that J I means J C /, | J| < 2^^ \I\ and that J is good - see Remark|4l 

Definition 11. Given an interval So, define S (Sq) to be the maximal suhin- 
tervals I G Sq such that there is a partition J (/) o/ / into good suhintervals J <s= I 
with 

(3.1) E |JLE(J,c.f P(J,l5„af >10(S2 |/|^, 
JeJ(i) 

where € is the constant in the energy condition 

\I,lEiI,,u;fPiI,,ljaf<€' |/|, . 

oo 

Then define the a-energy stopping intervals of Sq to be the collection S — \^ Sn 

71=0 

where Sq ^ S (Sq) and Sn+i = [J '5 (S) for n > 0. 

ses„ 

From the energy condition we obtain the (T-Carleson estimate 

(3.2) J2 I^U<2|/U, /G/?'^- 
seS: sci 

We emphasize that this collection of stopping times depends only on Sq and the 
weight pair (a, uj), and not on any functions at hand. There is also a dual definition 
of energy stopping times T that satisfies an w-Carleson estimate 

(3.3) I^L<2|JL, J&'D-- 

TeT : TCJ 

Finally, we record the reason for introducing energy stopping times. If 

(3.4) X{Csf =SMp-^ sup Y l'^LE(J,c^)2p(J,lsa)' 

l€Cs I-' Ict partitions J7'(/) of / 

is (the square of) the stopping energy of the weight pair (cr,a;) with respect to the 
corona Cs, then we have the stopping energy bounds 

(3.5) X {Cs) < VW^, S eS. 

Later we will introduce refinements of the stopping energy that depend as well on 
the Haar supports of the functions f ^ (cr) and g G (w) at hand. 
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4. The parallel triple corona decomposition 

Here is our triple corona decomposition of / e (a). We first apply the 
Calderon-Zygmund corona decomposition to the function f E (cr) obtain 

Then we apply part (1) of Proposition [5] to write 

+ 

flue V ^F- / fl^^ 

where g^j^ (^cj./) ^ prebounded function on F and (^cj./) ^ 

prefluctuation='= function on F. So as not to further clutter notation we will drop this 
distinction, and simply write P^a f with the understanding that P^a f represents 

I/I times either a prebounded or prefluctuation function on F. 

We then iterate with a second Calderon-Zygmund corona decomposition as in 
part (2) of Proposition [5l and use Lemma [TT] to ensure that the minimal bounded 
fluctuation functions have 7 large. Lemma [T] on iterating coronas then gives us 
stopping times /C = /C (J-) and stopping data q;;c(j^) (^) for fi along with the 
double corona decomposition 

(4-1) /=EP2^/= E Pc\/- 

FeJ" KeK(T) 

Keeping in mind our understanding regarding Pg,, / above, we have the following 
estimate for P'^a f where we define Fk £ to be the unique stopping interval in 
T for which K E Cp (recall we have arranged for 7 to be large at the expense of 
increasing the constant C-y below). 

Lemma 12. For K E JC [F) and Fk such that K E Cp^, we have 

^ p^c^jetzbf^jHk). 



a 



(e- 



Proof. Let F = Fk- By Lemma [8l we have 



and then by Proposition [S] and Lemma llll we conclude 

1 „ 1 . 

P-J " ' — K 



5E- 



E TZbA^ ^ (X) C 4 (7 + 1) TZBFi^'' (K) . 

□ 

We then finish our triple corona decomposition of / in (|4.ip as follows. For 
each fixed K E IC(F), construct the energy corona decomposition {Cg}g^g(^K) 
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corresponding to the weight pair {(7,uj) with top interval 5*0 = K, as given in 
Definition [TT] Recall from Lemma [T2] that 

hK ^ — 7 — -P^c^f e 7^s^i'^) {K) . 



/ 



We now modify S {K) by adding the intervals K' G K-hK to S (K) and removing 
from S (K) all the intervals S that are strictly contained in some K' € IChu ■ We 
denote this modified collection by S' (K). Of course, if Hk G (i^)-^ (cr), then 
^h/i- = and no modification is made, so that S' (K) = S (K). 

We then define stopping data {asi{K) i^)} ses'{K) '^'^^ function Pcj,/ rela- 
tive to the modified stopping times S' {K) as follows. For K E K. {J-') define 

r 2a^{K) for SeS'{K)\ICh^ 
as'iK)(S)-^ a^(if') for S e JC,^ 

Then properties (2) and (4) of Definition [T] are immediate. Property (1) follows 
since if / e C^, then 



Pes/ 



< 2EJ 



< 2aT (Fk) < 2a^ {K) . 



Property (3) follows because p.2p gives 



^ as.iK){Sf\Sl < 



J2 ia^{Kf\SnS'l+ J2 c.^iK'f\K'l 



ses{K) s'es{K) 
s'cs 



\2 



At this point we write S (K) in place of S' [K] and apply Lemma[T]to obtain it- 
erated stopping times S [JC [J-)) and iterated stopping data {^as{K{J^)) i"^)^ s£S{k{T))' 
This gives us the following triple corona decomposition of /, 

(4-?)= Ep%/-E E Pc\P%/=E E E P?|Pc\P%/ 

= E E ^cgnc-/== E '^Cf/) 
as well as a corresponding triple corona decomposition of g, 
(4.4> = EPcs.9=E E Pc,Pcs5=E E E Pc.Pc.Pcg^ 



Gee 



Gee LeC(G) 



Gee Lec{G) TeT(L) 



-EE Pc-nc-5- E '^c-S- 
Lec{g)T£T{L) T6r(£(e)) 
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We emphasize that the energy coronas S and T are independent of each other, in 
contrast to the usual constructions in |NTV4| and |LaSaUr] . where T is derived 
from S. Using Lemma [TUl we have the fohowing extension of Lemma [T^ 

Lemma 13. For S € S{)C{J-)) and T G T{C{Q)), and with corresponding 
K, F and L, G as above, we have 



Now we apply the parallel corona decomposition as in (j0.6p corresponding to 
the triple corona decompositions (j4.3|) and (|4.4[) . We obtain 

= T.T.T.T.T.T.{h^ (p?|Pc\P?,/) ,Pc,Pc,Pcs5 

FGjr Keic ses GeG LeCTeT 

^ ^ XI (^'^'^C|^C5^/>Pc-nc^;.9 

K£K{T) ses L£C(g) TeT 



sjoint 

where 

A = S{IC{T)) and B = T{C{g)) 
are the triple stopping collections for / and g respectively. We are relabeling the 
triple coronas as A and B here so as to minimize confusion when we apply the 
various different estimates associated with each of the three corona decompositions 
of / and g. We now record the two main facts proved above. 

Lemma 14. The data A and {aj^{A)}^^_^ satisfy properties (1), (2), (3) and 
(4) in Definitions^ and similarly for the data B and {/3g (-S)}^^^- Moreover, we 
have the estimates 

where the constant depends only on "f > 0, which can be taken as large as we 
wish. 

Thus we can apply the Iterated Corona Proposition [T] to the parallel triple 
corona decomposition ()0.6p : 

{Haf, g)^ = H„ear (/, ff) + ^disjoint (/, S) + H/ar (/, ff) • 

The result is that 

|H/a. if,9)\<m^)\\f\\LHa)\\9\\mu.)- 

Moreover, Lemma [2] implies 

\Hd^s,o^nt < ||/||^.(,) , 
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and so it remains to deal only with the near form H„ear (/, 5)- 

We first further decompose H„ear (/, g) into lower and upper parts: 



Hnear lower i^f •> Q) ^ 



A 



E 



E 



{A,B)eNe3r{AxB) (A,B)eNear(^x6) 

BgA AdB 

''near lower near upper 

AeA 



J2 where 



u 



BeB: BCA 
{A,B)eNear(AxB) 



Thus we have that Q~ — J2 BeB-. bgA Pc„ is the projection onto aU of the 



{A,B)(£Ne3r{AxB) 



coronas for which B is 'near and below' A. By symmetry, it suffices to consider 
the lower near form Hnear lower if,g)- 

4.1. Reduction to restricted bounded fluctuation. By Lemma fTOl the 
fmiction Pcj/ is an appropriate multiple of a function in TZBT''^^ [A). More pre- 
cisely, \f A = S & S {K. (J^)) and Ks is the unique interval K E K, (T) satisfying 
SeS (K), then Pg„ / = P^.^cs, / and 



By the definition of TZBT''^^ (5), we can write 



where 
(4.5) 

and 
(4.6) 



■955 e (L^)i (a) 



f 



•^Js e MBT'^;'^ {S) . 



We now apply, and for the only time in this paper, the first of the indica- 
tor/interval testing conditions in (|0.4p to obtain 



(4.7) 



H,iPs,Q%9) <X,„d5 E^ 



/ 



If we can also show that 
(4.8) 



5 (E^ 



3(T r 

cz. J 
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it then follows that 



5 E 



ind 



Pczf 



aA (A) 



and hence that 



'near Lower 



< 9Tm„J E i||P2./ 



2 



.9 



< ii/iIl.(.)II.9IL.(.). 

Thus we have proved the following reduction of the two weight inequality for the 



Hilbert transform to testing restricted bounded fluctuation functions in 

In order to state the inequality precisely, we need two definitions. First, we 
introduce a refinement of the stopping energy in p.4p that depends as well on 
functions / and g. 



Definition 12. Given g (£ (lu), define the g-energy Eg {J, to) of an interval 



J by 



Eg (J, = Eg (J, ujf = j-^ E 



j'Ge 



— , lij, 



\J\ 



where Q is the Haar support of g and Eg is defined in k2.S^) . For an interval I, 
let Jg (J) consist of the maximal intervals J in Q that satisfy J <£ I . Then given 
f e i| (cr) and g G (oj), define the stopping energy if,g) of the pair {f,g) 
on S by 



(4.9) 



X«(/,g)2 = sup^ J2 \JLEgiJ,ufP{j,ls\iay 



JeJ,(i) 



Second, we introduce a subspace L\ (uj) of L\ (w) that has a small amount 
of structure relative to the interval A, and which will play a role in reducing to 
stopping forms below. 

Definition 13. Define g ^ L\ [uj) if 

9 = Q-c.9^ E U 



BeB: B~A 



BeB: B~A 



where the coronas {C^j^^g. '^^^ above, satisfy an uj-Carleson condition, 

and 



Co 3 



where B = T, = P^^ncj;^<?- 

Here is the reduction we have proved above. 
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Lemma 15. The two weight Hilbert transform inequality W. S^) is implied by the 
following minimal bilinear inequality with best constant DJl, and its dual inequality 
with best constant 931* 



The occurrence of / e A4BJ-)^' (A) in (|4.10l) as a minimal bounded fluctuation 
function is the best that can be hoped for regarding /. But we still have two 
problems with g G L\ (w): first, that g is an unbounded sum of restricted bounded 
fluctuation functions; and second, that these summands are not minimal bounded 
fluctuation, just restricted. 



(4.10) 




for f e MBJ'i^^ {A),ge L\ [uj) and (/, g) < VTO^. 



CHAPTER 6 



Interval size splitting 

It remains to estimate {Haf,g)^ in (liTTU)) for / e MBF^^^ {A) and g &L\ (w). 
For this we will finally resort to the original interval size splitting of Nazarov, Treil 
and Volberg. We will expand the functions / and g in their Haar decompositions 
over I G and J S respectively, and then apply the NTV splitting according 
to the relative length of the intervals, | J| < \I\ or |/| < \ J\. The key advantages we 
have that permit this splitting to work in the current situation arc that 

(1) The function / lies in MBF']^^ {A), and the function g = J^beb- b~a ^c%9 

lies in L\ (w); 

(2) We have a stopping energy bound, 

(0.11) Xif,g)<VT0€=Cx<VA'2+'I, 

where X (/, g) is the stopping energy as defined in (j4.9p below. 

(3) There is also a dual stopping energy bound 

(0.12) X'{fB,gB)<Cx<V^2+T, 

for the corona decomposition {C^}^gg, where JbtQb are defined below. 

The boundedness of the form 

B^(/,g)^(i7./,.9)^ 

in (|4.10p is implied by boundedness of each of the split forms Bg (/, g) and Bb) (/, g) 
introduced in [LaSaShUrj . 

B^(/,g) = {H,^U,^j9)., 
{i,j)e{c%nc'i)xc'i 

B^if,g) = {A-if,H^A-jg)^, 
{ij)e{cinc'^)xc'i 

where the presence of the superscript A in the forms B^{f,g), B^ (/,(;) and 
B^ (/, g) indicates that / and g are as in (|4.10p , and C ~ is defined in Definition [T3l 
Now the function 'on top' in the form Bg(/, 5), namely /, has the special 
property of belonging to AiBJ-a (A). The function 'on bottom' in the form, namely 
g, lies in the broader space L\ (lu), so in particular in L\ (w), and the pair satisfies 
the stopping energy bound in (jO.lip . We say that such a form is of type MBF/L^, 
reflecting the fact that the top function is M.BJ- and the bottom function is L? . 
However, the 'top' function in the form B^ {f,g), namely g, fails to be A4BJ^, 
rather it is a sum of such, and so B^ (/, g) is not a form of type MBT/L'^. Before 
we can proceed with an application of the NTV method, we must further reduce 
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the boundedness of the form (/, g) to that of simpler forms. Recall that g 
J2b^a Pc%9, and write 

B^(/,5)=E E {A^jf,H^A-j{p^.g 

^~^(/,J)G(c^nq)xc;i 

We claim that boundedness in (|4.10p . modulo {NTV) ||/||^2(ct) of the 

form is implied by boundedness in (|4.10p of the local form 

^i, local 9) ^ J2'"^^^^^'i BifB,gB); 

B~A 

b1s(/b,5s) ^ E {A]fB,H^A':jgB),, 

The key point here is that the difference of the forms in question is given by 
(0.13) ' 

B^ (/, g) - (/, 5) = E E f = B™„ (/, 5) , 

I<^B'e€B(B) 

and so the estimate for BmM (/, 5) in Proposition [2] applies to prove our claim. 
Altogether we have shown that (|4.10p will follow from the two inequalities, 



{f,g)\<m 



for / e MBF^^'^ {A),ge L\ (lu) and (/, g) < VTO€, 



and 



E (B) B^3 ifB,gB) 



B~A 



<9^(||/IIl^(.) + V^)||5IIl=m, 



for / e XSJ-^;) {A) ,geL\ {uj) and X'^ (/, g) < VTOit, 

1 

Moreover, the second inequality will follow from Cauchy-Schwarz and 



|Bg,B(/s,5B)| <IW||/b|L.(,) \\\9B\\m.) + ^\B\ 

Jb G MBJ^a {B) , gB e UBF^ {B) , X^ (/, g) < VTO€ and (x^)' (/, g) < TlOe:. 

Now each form B^^^ (/s, gs) has its 'top' function 55 = aB(_B) ^Cg Ti-BF^ {B), 
and its 'bottom' function /b = Pc^nC"/ i'^ MBTa {B), and finally the pair sat- 
isfies the stopping energy bound in (|0.12p . We say that such a form is of type 
TZBT/MBT. 

Thus we have reduced matters to bounding forms of type MBJ^/L^ and TZBF / MBF. 
Note that in both inequalities, the lower function has only its norm appearing 
on the right hand side, without the measure of its supporting set. 
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1. Reduction to stopping forms 

Now the boundedness of Bg^s reduces to boundedness of the three terms Bi, 
B2 and i?3 on page 11 of |LaSaShUr| . Here the term B2 is controhed by the NTV 
constant 5^1121, term Bi is controlled by the functional energy constant ^, which 
by the Functional Energy Proposition |4] in this paper is controlled by and 
finally where the term B3 is the form, 

leF J: J<^I and Ij=hig 

where F is the Haar support of /. We are here considering the case Ij — Ibig, 
because when Ij — Ismail, we can simply use that the Ij are pairwise disjoint. 
Note that here / is, when appropriately normalized, a minimal bounded fluctuation 
function on A, while g — P^^^g is in (w), and because of the restriction J I 

A 

and I J = Ibig, the function g lies 'underneath' /. 

In similar fashion, the boundedness of the form B^ b reduces to 



B',{fB,gB)^ E E {E-j^A-jgn) {A]fE,H^lj,)^, 

JeenCg /: /gj and Ji=,J^ig 

where Q is the Haar support of g. Note that here gB = P'c'^g is, when appropriately 
normalized, a restricted bounded fluctuation function on B, while /b = Pc%nc%f 
when appropriately normalized, a minimal bounded fluctuation function on B, and 
because of the restriction I <s= J and J/ = Jbig, the function /s lies 'underneath' 

9B- 

We now use the 'paraproduct' trick of NTV, namely that boundedness of 
B^ (/, g) is equivalent to boundedness of the stopping form 

B,t„p (/, g) ^ E E i^l, /) {H,^s\i., , A'^jg)^ , 

l£T J: J<^I and Ij=I^ig 

and similarly, that boundedness of B'^ {fB,gB) is equivalent to boundedness of the 
stopping form B^^^p {fB,gB)- Thus we must bound the stopping form B>stop {f,g) 
in two cases, MBT / L"^ and TZBT / MBT . 

We emphasize that the Functional Energy condition defined in (LaSaShUr] 
uses Calderon-Zygmund stopping intervals to separate pairs of intervals, and is 
consequently identical to the Functional Energy condition (j2.ip defined here. 

The above considerations have reduced the two weight inequality (|0.2p for the 
Hilbert transform to the following two inequalities involving the highly nonlinear 
form Bstop. 

Lemma 16. The two weight Hilbert transform inequality W.^) is implied by the 
following nonlinear inequalities with best constants and 'B^ojT^^^"'^' 

(1.1) |B.,o,(/,5)|<»^„7/^' (|1/I1l^(.) + V^) 

for f e MBT'^^'^ (A) , 5 e L\ (w) and (/, g) < VTO€, 
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and 

for f e 7^S ^"(7^ (^) , 9 G MBT^J^ (A) and X"^ (/, g) < VTO€, 

along with their 'dual' formulations with best constants S^^p'^^^ * and ^S^f^^^^'^ 

Note again that as observed above, the lower function g has only its {u) 
norm appearing on the right hand side. The first inequality (jl.ip is taken up in 
the next subsection. The second inequality then follows almost immediately, and 
is treated in the final subsection. 

2. Boundedness of the A4BJ-/L^ stopping form 

We show that ^^^/^^^ is controlled by the NTV constant 91103. 

Proposition 6. Let <j and lo be locally finite positive Borel measures on the 
real line M with no common point masses. Then 

"^^op^'^^ ^ ^2:03. 

Proof: Let T and G denote the Haar supports of / G M.BF'^^^ {A) and g e 
L\ (w) respectively. Define 

V (/, g) = {(/, J) e ^ X g : J (E / and /j = 4,^} . 

Then 

leF J: .I<eI and Ij=Ibig 

E K,^if) {H.ls\i.,,A-jg)^. 
ii,J)er(f,g) 

Given a subset V of V (/, g) we define 

(2.1) B% {f,g) ^ i^l f) {H.T-S\ij,Al9)^ 

and 

/ \ 

E / 



size {V) = sup 

h: he A 



. I: there is (I J)^!^ . 



Clearly we have size (V) < 1 since / e MBJ^'^J^ (A). 
Here is the main lemma. 

Lemma 17. Given V C V^f^g), there are subsets Vbig and Vsmaii of V such 

that 



Brto^(/,5) < m^V) size{V) ^\Al \\g 
3 

size(7'sma/;) < |Size('P). 
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This lemma proves Proposition [6] as follows. Apply Lemma [T7l to V^ = V (/, g) 
to obtain {Vq)^^^ and ('Po)^™^/;- Then apply Lemma [H] to Vx = {Vo),„^^ii to 
obtain {Vi)^^^ and iVi)^^^^. Continue by induction to define Vm = {Vrn-i)smaii 
for m > 1. Then Lemma [IT] gives 



size {V„ 



< 



< 



size (Vo) < 



B^2p'''{f,g) < m^S) size(nn) x/\Al \\g\\^. 



and so also 

oo 

Since V {f,g) = |J {Vm)ug-, we thus have 

OO 



rn— 1 



|Bstop(/,3)| = 



stop 



if, 9) 



m—1 

oo 



m—1 

< (OITaj) J\Al \\g\ 



Proof, (of Lemma [T71) The two key properties of / G MBT^^^ {A) that we 
will use are 

EJ, / > and ^ E?^ / < 1. 

/: JC/CA 

Consider those intervals Ii that are maximal subject to the condition, 



^ E?^AJ/>-size(7'), 



I: there is {I ,J)€V 
JChCl 

and choose one of them with maximum length. Define 

7^l = {{I,J)er:J(lh(lI}; 

If /i, have been chosen, then consider those intervals that are maximal 
subject to the condition. 



E 



EJ^ AJ/ > -size (T'™-!) 



/: there is {I,J)<£'Pm-l 

and choose one of them with maximum length. Define 

7^,„ = {(/, J) G T'™-! -.JClmCl} 
V,n = V,n-l\n^. 
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It is easy to sec that the coUection of intervals {Im}'^^i is pairwise disjoint. 
Indeed, this follows from the choice of parameter | in the maximal conditions. 
Next, we define 



Vsmall =V\i \JTZ„ 



and we have the inequality 



Now we have 



size{Psmaii) < -size(P). 



(i,j)en^ 



\I: ImCiCA / \ J: JC/m / ^ 

< (hasmj, E ^ja) 

\ J: JC/„ / „ 

since Ej^ Aj / > and i cicA ^/j ^/ / ^ 1- From the monotonicity property 
and the energy bound, it now follows that 



where gi^ = jci^ ^j9- 
Thus with 



m=l 



we get 



^^top (/> 9) 



< 



m=l 



m=l 



< 



since the intervals are pairwise disjoint, and the functions gi^ = Ajg are thus 
mutually orthogonal. □ 

3. Boundedness of the TZBF / M.BF stopping form 

We have already done all the work needed to bound the TZBT / MBT stopping 
form. Indeed, we have proved above the following inequalities for / e TZBJ^^^ (A) 
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and g £ MBF^J^ {A), when wc have both the energy stopping bound (/, g) < 
\/T0€ and the dual energy stopping bound (^^^^ (/j 5) 1^ \/TOC: 

\HAf,9)\ < «m„rf||/IL.(,)||.9lL.(„); 
\HAf,g)-{B^,AiLg) + B^A{f,9)}\ < «^23|I/IIl^(.)II5|Il^m; 

\Bi,topif,9)-B^.A{f,g)\ < 5aT53||/||^.(,)||5lL.(^); 

|Bl.top(/,5)-B=,,A(/,g)| < ^^*»II/IIl^(.)II5|Il^m; 

where we are writing ^^^p for the stopping form corresponding to B^^a, and 
jjQp for the stopping form corresponding to B^ a- The crucial final inequality 
follows from Proposition |6l because in the form B^^^^p (/, g), it is 5 € MBT^J^ {A) 
that is the function on top. Thus we conclude that for / S TZBF^^ {A), g G 
MBF^J^ {A), {f,g) < VTO€ and (^^)' if, 9) < VTO<^, we have 

^istopif,9) = Bl^,^p{f,g)-B^,A{Lg) 

+ B^^A{f,g) + B^^A {f,9)'HAf,g) 
+HAf,9) 

-B^.A if,9) + Bistopif,9) 

-^i>,stop if ^9) : 

and so |B^_3t„p(/,g)| is bounded by C9ITQJ„d I15I1l2(^). 



Part 2 



A two weight theorem for 
a-fractional singular integrals in M 



In this second part of the paper, we prove the two weight theorem stated in 
the Preface, together with a generahzation to fractional singular integrals. We be- 
gin by reviewing some definitions, stating our theorem, and developing the main 
innovations in this paper, namely the necessity of the A2 conditions, and a special- 
ized Haar basis used to obtain a Monotonicity Lemma. Then we adapt to higher 
dimensions two of the corona decompositions from Part 1, that result in functions 
of bounded fluctuation in nonlinear forms with stopping energy control. Finally, 
we adapt the results from Part 1, together with the clever stopping time and recur- 
sion arguments of M. Lacey in Lac , to prove the two weight norm inequality for 
standard fractional singular integrals under the side assumption that the functional 
energy constants (Definition [TS|) are finite. 



CHAPTER 7 



New results for Calderon-Zygmund operators 



Consider a kernel function K{x,y) defined on M" x M" satisfying the following 
standard size and smoothness 

(0.1) \Kix,y)\ < Clx-yf", 

\Kix,y)-K{x',y)\ < |a; - yf" , < ^ 



\x - y\ 



2' 



\K{x,y)-K{x,y')\ < |x - yf", < J- 

\x-y\ \x-y\ 2 

Remark 9. Usually the adjective 'standard' is reserved for a more general 
smoothness condition involving a Dini function r]{t) on (0,1), and in the case at 
hand we are restricting to rj{t) = t. 

We define a standard Calderon-Zygmund operator associated with such a kernel 
as follows. 

Definition 14. We say that T is a standard singular integral operator with 
kernel K if T is a hounded linear operator on L'^ (M") for some fixed 1 < q < oo, 
that is 

(0.2) r/i!L.(ii") <^^ii/iIl.(«")> /e^MK"), 

if K{x, y) is defined on M" x M" and satisfies W. 1]) . and if T and K are related by 
(0.3) Tf{x)= K{x,y)f{y)dy, a.e.-x ^ supp f, 



whenever f € L'^ (M") has compact support in W" . We say K{x,y) is a standard 
singular kernel if it satisfies hO.l]) . 

We will also consider generalized fractional integrals, including the Cauchy 
integral in the plane. The setup is essentially the same as above but with a fractional 
variant of the size and smoothness conditions (10.11) on the kernel. Here are the 
details. Let < a < n. Consider a kernel function K°'{x,y) defined on K" x K" 
satisfying the fractional size and smoothness conditions, 

(0.4) \K'^{x,y)\ < C\x-yr\ 

\K^ix,y)-K^ix',y)\ < ^ |. - , ^ < i, 

\K-ix,y)~K-ix,y')\ < |. - ,r " , < i. 

Example 1. The Cauchy integral in the complex plane arises when K(x, y) = 
— a;,w G C. The fractional size and smoothness condition \0.4\ holds with n = 2 

X y I 1 

and a = 1 in this case. 
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Then we define a standard a-fractional Calderon-Zygmund operator associated 
with, such a kernel as foUows. 

Definition 15. We say that is a standard a-fractional integral operator 
with kernel K" if T" is a bounded linear operator from some (M") to some 
L'^ (M") for some fixed 1 < p < q < oo, that is 



if K"(x,y) is defined on M" x M" and satisfies and ifT" and are related 

by 

T"f{x) = j K''{x,y)f{y)dy, a.e.-x i supp f, 

whenever f d (M") has compact support in M". We say K°'{x, y) is a standard 
a-fractional kernel if it satisfies ^0.4\ l- 

Now we state the general fractional form of the theorem introduced in the 
preface. For this we need the fractional analogue of the Poisson integral of a measure 
/i on a cube Q: 



{\Q\" 



+ \x-xc 



Theorem 3. Suppose that T" is a standard a-fractional Calderon-Zygmund 
operator on M" , and that w and a are positive Borel measures on M" without com- 
mon point masses. Furthermore, we suppose that the functional energy constants 
i?" and i?"'* defined in Definition \18\ below are finite. Set T"f ~ (fcr) for any 
smooth truncation of . Then 

(1) Suppose < a < 1. Then the operator T^ is bounded from (cr) to 
(lu), i.e. 

(0.5) r"/llL^M < Wfh^.) , 

uniformly in smooth truncations of T" , and moreover 



< y^A^ + At* + + + r + r 

provided that 

(a) the two dual A2 conditions hold, 

A^ ^ sup P"(Q,a) J^<oo, 
Q6Q" IQI " 

Ar ^ sup J^P"(Q,..)<oo, 
QeQ" IQI " 

(b) and the two dual testing conditions hold, 

11, ^ sup / \iT-niQu;fa<oo. 
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(2) Conversely, suppose {T"}^^ .^ is a collection of Calderon-Zygmund opera- 
tors with standard kernels \K°'\'^ , and that there is c > such that for 
each unit vector u there is j satisfying 

(0.6) \Kf ix,x + tu)\>ct°'^'\ teR. 

Furthermore, assume that each operator T" is bounded from {a) to 

l|r;/IL.(^)<9T„||/||^.(,). 

Then, provided < a < j , the two dual fractional A2 conditions hold, 
and moreover. 



Remark 10. Inequality i0.6\) reverses the size inequality in HQ. 1\) in the direc- 
tion of the unit vector u for one of the operators T°' . 

Remark 11. The collection consisting of the Hilbert transform kernel ^ alone, 
or the Beurling transform kernel ^ alone, is an example of a kernel satisfying iO.6]) 
for a — 0. 

Remark 12. The collection of fractional Riesz transform kernels \ c^-, — ^^,„X]-„ > 



is an example of a collection satisfying W.6\) for Q < a < n. The restriction a <1, 
which arises even in preliminary estimates, prevents our theorem from applying to 
the Cauchy transform, whose convolution kernel is 

11 X . I 



z X -\- iy + j/^ + 



1. Necessity of the A2 conditions 

First we recall the necessity of the usual A2 condition for elliptic operators 
in Euclidean space M" from [LaSaUrT] . where this result was proved also for 
1 < p < 00. 

Lemma 18. Suppose that a and ui have no point masses in common, and that 
{Kj}^.^^ is a collection of standard kernels satisfying the ellipticity condition W.l\) . 
If there are corresponding Calderon-Zygmund operators Tj satisfying 

IIX£T;-(/a)|l^.,^(^) < C ||/||^.(,) , E = W^\ supp f, 

for 1 < J < J, then the two weight A2 condition holds. 

Now we prove the necessity of the fractional A2 condition when < a < ^, 
for the a-fractional Riesz vector transform R" defined by 

R" (/a) (a;) = / Rf{x,y)f{y)da{y), Kf {x,y) = ~ f^^^ , 

JR" \x — y\ 

whose kernel {x, y) satisfies (|G.4p for < a < n. Unfortunately, in the plane M? , 
the restriction a < 1 just misses including the Cauchy transform C whose kernel 
is (z.w) = I = Parts of the following argument are taken from 

V ' / \z—w\ z—w ^ ^ 

unpublished material obtained in joint work with M. Lacey. 
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Lemma 19. Let be any a-standard fractional kernel satisfying the ellipticity 
condition 110.6]) . Then for < a < § we have 

Remark 13. Cancellation properties of T" play no role the proof below. In- 
deed the proof shows that A2 is dominated by the best constant C in the restricted 
inequality 

\\XET"ifa)h..^^^) < C , E = R^\ supp f. 



Proof. First we give the proof for the case when T" is the a-fractional Riesz 
transform R", whose kernel is K" {x,y) = • Define the 2" generaUzed 

quadrants Qm for m G {—1, 1}", and their translates Q,„ (w) for w G by 



Qm = {(Xi, ...,X„) : TOfeXfe > 0} , 

Qm{w) = {z : Z - W e Qrn} , W G 

Fix m e { — 1, 1}" and a cube /. For a e M" and r > let 

_ e{i) 

"'^"^ ~ n/) + |x-c,l' 

fa,r {y) = lQ_„(a)nB(0,r) iv) Si (y)"" 

where Ci is the center of the cube /. Now 



imphes 



e(i)\x^y\ < ^(/)|x-C/l + n/)IC/-y| 

< [£(i) + \x-<:j\][i{i) + \<:i-y\] 



\x-y\- t{I) 

Now the key observation is that with LC, = m ■ we have 

L{x - y) = m ■ {x ~ y) >\x - y\ , x e iv) , 

which yields 

L{x-y) 



(1.1) L(K'^{x,y)) = 



\x-y\ 



> ] — ^—^>eiir-"sj{xr'-sjiyr-\ 

\x - y\ 

provided x G Q+.+ (y). Now we note that x G Qm (y) when x G Qm (a) and 
y G Q-m (a) to obtain that for x G Qm (a), 

L(T"(/,,.a)(x)) ^ / _^l^_|L,,(2;)da(y) 

J Q-,„{a)nB{0,r) \x - y\ 
> i{ir-"sj{xr-'^ [ si{yf"-"^da{y). 
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Applying \Li^\ < ^Jn \ C\ and our assumed two weight inequality for the fractional 
Riesz transform, we see that for r > large, 

I (/)'"~'" / si (l sj (y)^"-^" da {y)] du^ {x) 



Q™(a) \J Q-„,(a)r]B(0,r) 

< ||iT(a/,,.)||^. < {R-f WfaAl.,^. = 0T„ (R")2 / sj {yf^''"^ da 

jQ_„(a)nB(0,r) 



Rearranging the last inequality, we obtain 
e / SI {xf"-"' du (x) [ SJ {yf--''^ da {y) < (R")' , 



'Q™(a) JQ_„(a)nB(0,r) 

and upon letting r — > oo, 

/ — r^duj{x) f ^^dd (y) < 9ta (R")' 

Vs™(a) (£ (/) + |x - C/l)'"'" JQ-^ia) [l (/) + \y- C/l)'"'" 

Note that the ranges of integration above are pairs of opposing generalized quad- 
rants. 

Now we can prove the half-strengthened A2 condition. Fix a cube Q, which 
without loss of generality can be taken to be centered at the origin, Cg = 0. Then 
choose a — {2£ (Q) , 2£ (Q)) and I — Q so that we have 



-dc.(z)j l^iiQr-"! da 



i{Qr" 

_ Q^ia)i£iQ) + \z\f--' 
< Cc. f ^^^^ , , doj{z) [ ^^^^ , , daH <m^(R°)- 



Now fix m = (1, 1, 1) and note that there is a fixed N (independent of ^ (Q)) and a 
fixed collection of rotations {Pk}k=n such that the rotates p^Qm (a), 1 < A: < iV, of 
the generalized quadrant Qm (a) cover the complement of the ball B (0, 4y/n£ (Q)): 

N 



Then we obtain, upon applying the same argument to these rotated pairs of gener- 
alized quadrants, 
(1-2) 

\JB{QA^e(Q)y {£{Q) + \x\) J\ JQ / 

Finally, for < a < 1 , the usual A2 condition is implied by the norm inequality, 



I.e. 



A', . ,u„. (QT I ' I ' < (R") ; 

Y du?j (^j da^ <m^{I{?f\Q'\^-^ , 



upon invoking the argument used to prove Lemma ITSl in [LaSaUrT] . Indeed, with 
notation as in that proof, and suppressing some of the initial work there, then 
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A2 {ijJ,cr;Q) — IQIt^xcr where uj x cr denotes product measure on M" x M", and we 
have 

A2 (w, a; Qo) = ^ ^2 (w, a; Q^) + -^2 (w, fr; P^) . 

Now we have 

Y,A2 {u:,a- Qc) = ^ |QcL,. < ^^""f IQcl'"" , 

c c c 

and 

C fceZ: 2>'<l{Qo) C: f(Qc)=2'' 

- E (Whitney) 

= £(Qo)" E 2"K-i+2-^) 

provided < a < ^. Since a; and a have no point masses in common, it is not hard 
to show, using that the side length of Pp = Ppx P'^ is 2"^ and dist (P^, < (72"^, 
that we have the following limit, 

E -^2 (w, cr; P^g) -> as iV -> 00. 

Indeed, if a has no point masses at all, then 

E^2(u.,a;P^) = El^^Ll^^L 

^ Ei^^Lh^p|^/^i 



/3 



/3 



< C|QoLsup|P^|^ ^- as TV^- 00, 
while if cr contains a point mass cJ^; , then 

E A2{uj,a;P^) < E supJP^I^ 

< ^ ( E l^^lJ -^OasiV^oo 

since uj has no point mass at x. This continues to hold if a contains finitely many 
point masses disjoint from those of a;, and a limiting argument finally applies. This 
completes the proof that < (R") for < a < f . 

If we use this with Q' ~ Ay/nQ together with (|1.2I) , we obtain 

( f 1 ^ duj (x)] ( I (g)"-" / dX < 9T„ (R«) 



2. A WEIGHTED HAAR BASIS 
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or 



1 



V 



HQ) 



^du {x) 



da] < 9T„ (R") 



Clearly we can reverse the roles of the measures w and a and obtain A2 ^ (R-") 
for the kernels K", < a < §. 

Finally, to obtain the general case when T" is elliptic, wc note that the key 
estimate above extends to the kernel i^" of T" if there is sufficient separation 
between generalized quadrants, which in turn may require a larger constant than 
in the choice of Q' above. This completes the proof of Lemma fT9l □ 



2. A weighted Haar basis 

We will use a specific construction of the Haar basis in M" that is adapted to 
a measure ^ (c.f. [Hyt| ). Consider the unit cube Qo = [0, !)"■ Define 

= Ir, iN+lri 



. 1)' 
In 



and for every multiindex a G {0, 1}" and x G Qqj define 



H'^ {x) = J] h-" {xk) 



k=l 



Then iJ" {x) equals ±1 on each of the 2" dyadic subcubes of Qo, and / {x) dx - 
for all a 7^ 1 = (1, 1, 1). Indeed, if = then h°-' (xg) dxg — (xg) dxi 

and 



/ H" {x) dx=Y\f h"" {xk) dxk = 0. 



Thus the functions {^^^lagjo ij^Xfi} unweighted Haar functions associated 

with the unit cube Qq. 

We now adapt these Haar functions to a locally finite positive Borel measure 
/I on Qq, and for convenience we assume that > for the dyadic children 

{Q^}^g{o 1}" Here the cube Qp is the child whose vertex closest to the 

origin is the point ^f3 — . We define the weighted Haar functions 



where the constant 7^ (Qo) is chosen so that \\H^ 
i.e. 



Ifor allaG {0,1}"\{1}, 



7^ (Qo) = 



1 



y — 



88 



7. NEW RESULTS FOR CALDERON-ZYGMUND OPERATORS 



Clearly, since if" (x) equals the constant Wq^H"- on Q/?, we have 



/ 



^ V Eg^ fl"" = ^ / (x) dx = 0, 



for a e {0, 1|" \ Thus the functions {Hf,\ ,„,, are the Haar functions 

^ ^ ^ -* I- J aG{0,l} \{1} 

associated with Qq, and the remainder of the Haar basis 



, r„ ^ {0, 1}" \ {1} 



for (/i) is obtained by appropriately translating and dilating the functions {iJ^j^^^^ 
to the dyadic cubes Q in the grid V. In order to match our one-dimensional notation 
as closely as possible, we will denote the Haar function (H^)^ by /ig": 

(2-1) /if^'" = ^ — y a(^] r^lQ' , 

^ /v ~ ^ \Q \Q'\ 



where denotes the children of Q, and where 



Q' 
Q 



ii Q' G <t (Q) is a child of Q that occupies the same relative position inside Q as 
the child Qjs G £((5o) does inside the unit cube Qo- 

3. Monotonicity lemma and Energy lemma 

The Monotonicity Lemma below will be used in proving our theorem. It will 
use the n coordinate Haar functions associated with the cube J defined 

in p.ip above, where Ck — (1, 1, 0, 1, 1) is the multiindex in {0,1}" with 
in the fc*'' position and 1 elsewhere, i.e. the complement of the unit fc*'' coordinate 
vector. 

3.0.1. The monotonicity lemma. For < a < n, we recall the fractional Poisson 
integral 

iJ^ i^)^ I — ^ {y) ■ 

(|J|^ + |y-c,|) 

Lemma 20 (Monotonicity). Suppose that I, J and J* are cubes in K" such 
that J d J* C 2 J* C /, and that ^ is a positive measure on M" supported outside 
I . Suppose that /ij'" is a Haar function associated with J . Finally suppose that 
T" is a standard fractional singular integral on M" as defined in Definition \15\ with 
< a < n. Then we have the estimate 

(3.1) |(T«^,/,-.«) |<£11^4i^X-(J), 

J* h 
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whe 



1=1 1=1 
cj = (cj,...,c") is the center of J. 

Proof. The general case follows easily from the case J* = J, so we assume 
this restriction. The inner product (x^ — c^j^ Kj''^"}^ positive since the function 
(a;^ — Cj) ft-j''^* (a;) is nonnegative and supported on the cube J. It follows that 

(3.2) ^(x^-cS,/.rL = / E(-'-^S)/^r(-) M^(-) 
i=\ \t=\ ) 

11 „ 

= E / V-c'j\\hr^{x)\du:{x). 
i=\ •' 

Now we use the smoothness estimate (|0.4p . the assumptions that x E J and y ^ 2 J, 



and then (|3.2p and the fact that 



< 



for all a, a', to obtain 



{x,y)hY {x)dLo{x)'^d^i{y) 
{K-{x)-K-{cj),hy'')jf,{y) 

K^{x)-K^{cJ)\d^^{y),\hT (^)l 



y<f:2J 



< c 



c 



y<f2J \y-Cj\ 

P"(J,/x) " 

e=i 



I — I CJ a 



□ 



When n = 1 and a = 0, the estimate in the Monotonicity Lemma was reversed 
for the Hilbert transform in (11.21) of Part 1, i.e. 

^^A^j-(j)<(iiM,/irL> 

and this turned out to be the key to deriving control of the functional energy 
constant by and the testing conditions for the Hilbert transform. 

We thank Michael Lacey for pointing out to us an example showing that in- 
equality p.ip cannot be reversed in higher dimensions for the vector of Riesz tran- 
forms. His example is similar to the following modification of an example in the 
first version of this paper. 
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Example 2. (M. Lacey) The simple reverse monotonicity inequality 

is false. Indeed, take T — Rk and let fi = he a point mass located outside CJ. 
Then the quantities (cj) are constants when integrated against n, and thus the 

equation X]"=i (^^ ~ '^S) i'^j) ~ ^ defines a hyperplane in M" that contains the 
point cj. The basic idea of the example is to take k = 1,2, ...,n — 1, consider the 
intersection of the n—1 hyperplanes that define a line in M" through cj, and let w 
consist of two point masses located on that line away from cj but within J. Then 
the right hand side of the monotonicity inequality is large, while the left hand side 
is of order e if the two point masses on the line are balanced correctly, so the mono- 
tonicity lemma cannot be reversed by simply using the Riesz transform. 
To make this example fit our hypotheses, let Zq = cj +t (1, 1, 1) for t € M. Then 



the n—1 vectors Vk 



for k — 1,2,..., n — 1 are linearly inde- 



pendent. Thus the intersection of the hyperplanes {^^ ~ Cj) (cj,-2o) = 

defines a line L through cj. Let u = X]m=i^ "^s™ ■^'^"^ o/ 2" + 1 point masses of 
mass 1 each. Put two of the point masses, say Ss-^ and Ss2, on the line L in one of 
the children very close to opposite boundaries of J, and locate the remaining 2" — 1 
point masses very close to cj, at distance comparable to s. Then all the children of 
J are charged, the Haar functions associated to J are balanced, and the right hand 
side of the monotonicity inequality is large. This is due to the fact that the masses 
and contribute almost 2 while the the others contribute order s, because for 

those point masses the vector X" (J) = [{x^ — Cj, h'^'^'')]^^-^ ~ x^ (J, ee) has 

all components comparable in size to e. On the other hand, the left hand side of 
the monotonicity inequality is of size e for T = Rk, 1 < k < n — 1, on account of 
the construction of the line L, the contribution of point masses e-close to cj, the 
balanced positioning ofSsi andSg^, and finally the above error estimate (11) of size 
e. 



3.0.2. The energy lemma. Suppose now we are given a cube J G , and a 
subset 'H of the dyadic subgrid (J) of cubes from "D" that are contained in J. 
Let P!^ = X],/'e« ^j' be the w-Haar projection onto % and define the 'H-energy 
(J, w) of (jj on the cube J by 



E«(J,a;)' = 




J 'en 
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For V a signed measure on M", and "H a subset of the dyadic subgrid V"^ (J), and 
< a < n, we define the functional 



Lemma 21 (Energy Lemma). Let J he a cube in . Let he an (w) 
function supported in J and with co-integral zero. Let v be a signed measure sup- 
ported in M" \ 2 J and denote the Haar support of by H = supp^ ,j. Let T" be a 
standard a-fractional C alder on- Zygmund operator with < a < n. Then we have 

Proof. We calculate 



/ / K"{x,y) M/j(x)dz.(y) doj{x) 

J J Jr\2J 

I j K'^{x,y) J2 Y.<'^J^hT).hT{x)dv{y)duj{x) 

JjJr\2j j'eHaer„ 

E / E/ [K^{x)-K^{cj)]h:;fix)d^ix)rjiJ')du{y) 



and so we have 



< 



E 

.J' en 



P"(JMH) 



KJ'en 



□ 



4. Functional energy and the energy condition 

We begin by introducing the functional energy constant JJ" in higher dimen- 
sions. We repeat three of the definitions from Part 1, but with appropriate adap- 
tations. 

Definition 16. A collection T of dyadic cubes in M" is tr-Carleson if 

E \F\a<CAS\.. S^7. 

FeT: FCS 

The constant Cjr is referred to as the Carleson norm of T. 
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Definition 17. Let T be a collection of dyadic cubes. A collection of functions 
{gp^FeT in {'^) is said to be J^-adapted if for each F E there is a collection 
J {F) of cubes in such that 

J{F)c{J eV^ -.J (^F} 

and such that each of the following three conditions hold: 

(1) for each F E F, the Haar coefficients gp^J^a) — {gp^hy^) ^ of gp are 
nonnegative and supported in {F), i.e. 

g?iJ)>0 for all JeJ{F) 
g^{J)^Q for all JiJ{F) ' ^^y, 

(2) the collection {gp^p^j^ is pairwise orthogonal in (uj), 

(3) there is a positive constant C such that if J* {F) consists of the maximal 
cubes in (F), then for every cube I in 1?°', the collection of cubes 

Bi = {J* C I : J* e J* (F) for some F D 1} 

has overlap bounded by C , i.e. '^■T — /'^'^ '^^^ ^ ^ 

Definition 18. Let ^J" be the smallest constant in the 'functional energy' 
inequality below, holding for all non-negative h G L^ia), all a-Carleson collections 
T , and all T -adapted collections {gp^pi^j^: 
(4.1) 

1/2 



J2 E P''iJ*^ha) 
FeJ' j*eJ*{F) 



J* 



Per 



There is a corresponding dual functional energy constant ^°''* obtained by inter- 
changing the roles of a and co in OTTp. 



Problem 1. We do not know if the functional energy constants and ^°''* 
are controlled by A2 and the cube testing constants Trq and Tro for the a- 
fractional Riesz transforms, or even if they are necessary for the boundedness of 
the a-fractional Riesz transform vector R" from L^ (a) to L^ (lo). 

Now we define the natural extension to higher dimensions of the one-dimensional 
energy constant and its dual . Then we will prove that they are controlled 
by the functional energy constants and g^"'*. 

Definition 19. Define the energy constant 



(4.2) {£°'f EE sup 

where the supremum is taken over 

(1) all dyadic grids V, 

(2) all V-dyadic cubes I, 

(3) and all subpartitions {/r}^i of the interval I into V-dyadic subcubes Lj.. 

There is a similar definition for the backward energy constant f "'*. The basic 
result proved here is this. 

Lemma 22. Let < a < n. We have the energy condition, 



1 f./ P" (/,,l,a) \' ^ , 
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Proof. The proof is by duality. Fix a subpartition {/r}^i of the interval 
/ into P-dyadic subcubes Ir- Let J" = {/r }^i U {/}, and note that trivially 
satisfies the Carleson condition ([T6l) . Let M (Ir) consist of the maximal deeply 
embedded subcubes of Ir, and set 

M{Ir) = \J {JeV:JcJ*}, 

J'<£M{I^) 
oo 

M{I) EE \jM{Ir). 
r=l 

Given a sequence {aj} ^ m(I) nonnegative numbers (with all but finitely many 
vanishing), define 

n 

gi^ ^ aj ^ hy"" , for 1 < r < cx) and J* E M {Ir) ■ 

Then {gi^}'^i — {5-F}_FgjF-\{/} is J^-adapted and the functional energy inequality 
(|4.1|) with h = Ij gives 



E 



J2 E P''iJ*^ha) 
FeT .j'eM{F) 



< r\\h\\m.) 



E \\9F\\h{Lj) 



FeJ" 



J*. 

1/2 




Duality now yields 



r=l \ \Ir\" I J*eM{I,-} JCJ- 



which gives 



□ 



4.1. Functional energy and side conditions. Here we show that the func- 
tional energy condition is implied by the Energy Hypothesis, condition (1.16) in 
[LaSaUrj . The proof is taken from unpublished work of the authors with M. Lacey 
in the one-dimensional case with a = 0. 

Recall that the energy E (/, uj) of a measure w on a dyadic cube / is given by 
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where x = (xi, ...,Xn) and the second equahty foUows from the fact that the Haar 
functions {h^y"' : J d I and a G r„} form an orthonormal basis of 



|/ e (w) : supp/ C / and j fduj = 



Let T be Calderon-Zygmund stopping times for f G (cr), and let Cp be the 
corresponding coronas for F (z J-. Let A4 (F) be the maximal deeply embedded 
subcubes of F. Define 

(4-3) h{G)=I [(e^,(.)/) (F) ^ J2 {K^iF')f) ^^AF')\F' 

F'4F 

where F' F refers to partial order in the tree J^, i.e. this means F', F G F and 
F' D F. We denote by ttjt {F') the parent of F' in the tree F. 
The a-strong energy inequality is 

(4-4) E E |JLE(J,c.f P"(j,/;(G)a)'<(5£"f /l/l^a, 

FeJ^ JeM(F) 

for = Y.F'4F {^Zj.(F') l/l) l7r^(F')\-F'i and where the a-strong energy con- 

stant is the smallest constant for which (|4.4p holds. Note that \h (G)| < h (G). 

We show here that the a-strong energy inequality follows from the a-Energy 
Hypothesis (|4.6p defined below. For fixed 7, e > 0, define 5'" ^ by 



(4.5) ^1^{I,E)= sup 







inf ( 




S>1 \ 





where 



iJs,E) = $ (/, i?) = (/) E (/, Lof P" (/, 1b<t)2 , 



and where the supremum is taken over all e-good subpartitions { Js} of the interval 
/. Note that ^ (/, E) becomes smaller as either 7 or e becomes smaller, and 
also as E becomes smaller. The Energy Hypothesis from |LaSaUr] . generalized to 
< a < 71, is this condition: 

(4.6) E e iIr,Io) < {J'lef \Io\a . all subpartitions {JJ of /„ . 

Lemma 23. (M. Lacey and the authors) Let < a < n. Then 

Proof. We have 
P"(j,/i(G)a) = E {KAF'}\f\)P"{J^^^HF')\F'<j) 

F'4F 
I F'^F 
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since J^F'^^f '^^ i^' F')^^ < C independent of F, where djr is distance in the tree 
J^. We thus have, 

F .JeM(F) 

F J<=M{F) F'=4F 

Now we use that 

/ 1 \ - / 1 \ - 



djr (F, F') < J — < inf 

for all pairs (F, F') of cubes in F. Denote the J^-children of F by £jf- (F), and more 
generally for t > 1 , denote the grandchildren at generation i of F by 

e:^^ (F) = e ^ : ^%^k = f} . 

We conclude upon replacing ttjf (F') with /, and F' with /', that 

E E |JLE(J,c.f P"(j,/J(G)a 
FeT JeM(F) 

1 — 

^ E E I^LE(J,u.f E .f^l (e^hfoI/|)'p"(-^'W')\f'<t)' 



FeJ^JeMiF) F'=4F 



J£M[F) y |J|- 



= E(iE?i/i)' E E E E i'^i"E('^'^)'p"('^'iA/-)^,|^^f . 



1 \ ^ 



i&T i'e€(i)t=o \^Fee'-*>{i) J&M{F) 



< E(E?I/I)' E ne(^MA/'^)<(-^7,e)'E(IE?l/l)''^l^l.^(-^7"e)' /l/l 
/GJ^ /'GC(/) /GJ^ 

by the a-Energy Hypothesis (|4.6p . □ 

One can show that the above argument also applies to prove that the more 
refined functional energy constant 5^" satisfies 



2 



CHAPTER 8 



Basic constructs 



We begin by describing the basic constructs of the proof, beginning with the 
paraUel corona spUtting and bounded fluctuation. Functional energy has already 
been introduced above. In subsequent chapters we deal with the decompositions of 
functions into coronas where both averages and stopping energy are controlled. 



1. The parallel corona splitting 

The first construction we describe in our proof of Theorem |3] is the following 
analogue of the parallel corona splitting in Part 1. For convenience in notation 
we will sometimes suppress the dependence on a in our nonlinear forms, but will 
retain it in the operators, Poisson integrals and constants. We will assume that the 
good/bad cube machinery of Nazarov, Treil and Volberg is in force here. We make 
no further comment on this as it is well established in the literature. 

We briefly recall the previous set up on the real line M, but now adapted to 
Euclidean space M". Let and I?" be an r-good pair of grids on M", and let 
{hj}j^^„ and be the corresponding Haar bases, so that 



where the appropriate grid is understood in the notation / (/) and g{J). 
Inequality (jO.Sp is equivalent to boundedness of the bilinear form 



r (/, g) ^ {T^ if) , g)^ = V {T^ (A^jf) , A^jg)^ 



lev and JSD^ 



on (a) xL^ {cu), 



|r(/,ff)|<01||/||^.(,)||g||^.(^) 



We now introduce stopping trees J- and Q for the functions f € L?' (u) and g € 
(w). Let J" (respectively Q) be a collection of Calderon-Zygmund stopping cubes 
for / (respectively g), and let = [J Cf (respectively 2?" = (J Cg) be the 

associated corona decomposition of the dyadic grid V"' (respectively I?"). 

For a cube / G V"' let wvl be the P'^-parent of / in the grid , and let ttjt/ 
be the smallest member of T that contains /. For F, F' € J^, we say that F' is an 
J^-child of F if ttjt {'KjyF') = F (it could be that F = ttvF'), and we denote by 
£jF (F) the set of J^-children of F. For F <E define the projection Pg^ onto the 
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linear span of the Haar functions by 
The standard properties of these projections are 

There are similar definitions and formulas for the tree Q and grid 2?". 

Remark 14. The stopping cubes J- live in the full dyadic grid T)" , while the 
cubes I e Cf are restricted to the good subgrid T^gooj^- It is important to observe 
that the arguments used in this paper never appeal to a 'good' property for stopping 
cubes, only for cubes in the Haar support of f. A similar remark applies to Q and 
the Haar support of g. 

Now recall the notion of general stopping data introduced in Definition [TJ This 
definition applies equally well to M" and we restate it here without change. 

Definition 20. Suppose we are given a positive constant Cq > 4, a subset J- 
of the dyadic grid ( called the stopping times ), and a corresponding sequence 
ajr = {ajr {F)}p^jr of nonncgativc numbers ajr > (called the stopping data). 
Let {!F , TTjr) be the tree structure on T inherited from , and for each F G T 
denote by Cp = {I ^ 'V : njrl = F} the corona associated with F: 

Cf ^ {I e V : I C F and I (t F' for any F' ^ F} . 

We say the triple (Co, J-, ajr) constitutes stopping data for a function f G Lj^^ {a) 

(1) E/ I/I < ajr (F) for all I ^Cf and F e J", 

(2) Ef'^f n < Co \Fl for all FeF, 

(3) EFe^«^(^)'l^U<C2||/||i.(^), 

(4) ajr{F)<ajr {F') whenever F',F eT with F' C F. 

Definition 21. If (Cq^J- ,ajr) constitutes (general) stopping data /or a func- 
tion f G L\^^ (a) , we refer to the othogonal decomposition 

FeJ^ leCp 

as the (general) corona decomposition of f associated with the stopping times T . 

Now suppose we have stopping data for both / and g. We now consider the 
following parallel corona splitting of the inner product {T(fa) ,g)^ that involves 
the projections P^^ acting on / and the projections P^^ acting on g. These forms 
are no longer linear in / and g as the 'cut' is determined by the coronas Cf and 
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E 



Cg, which depend on / and g. We have 

(1.1) (r;/,5L = E {T:{^hf)A^ca9)). 

{F.,G)eJ^xg 

E + E + 

JF.,G)eNe3r{J^xg) (F,G)eDisjoint(J^xe) (F,G)e Far(J^x g) _ 
= "Tnear if, ff) + '^disjoint (/, + T/ar (/, ff) • 

Here Near (J" x Q) is the set of pairs {F,G) £ J' x Q such that G is the minimal 
interval in Q that contains F, or F is the minimal interval in J- that contains G, 
more precisely: either 

C G and there is no Gi e Q \ {G} with F C Gi C G, 

or 

G C F and there is no Fi e J" \ {F} with G C Fi C F. 
The set Disjoint (J" x g) is the set of pairs (F, G) G x such that F n G = 0. 
The set Far {F x Q) is the complement of Near (F x Q)U Disjoint {F x Q) in F x Q: 

far{F X g) = F X g \ {Near [F xg)U Disjoint (J" x g)} . 

We have the following basic reduction involving the constant 21 given by 

Here 21q is the sum of the constants in the conditions of Theorem [31 
Proposition 7. Let 

{Ta if) , 9)uj = '^near (/, + T disjoint (/, q) + T/ar (/, 

he a parallel corona decomposition as in hl.l]) of the bilinear form (T" (/cr) 
with stopping data F and g for f and g respectively. Then we have 

|(r;/,g)^-T„ea.(/,3)| <2t ||/||i.(,)||5llL2(^), 

for allfeL^ {<j),geL^ (oj). 

2. Bounded fluctuation 

The notion of bounded fluctuation is an extension of the notion of bounded 
function intermediate between L°° and BMO''^''*'^, and is closely tied to the corona 
projections in the CZ corona decomposition. The definition extends to Euclidean 
space M" in the obvious way. 

Definition 22. Given 7 > 0, a cube K G P*^, and a function f supported on 
K , we say that f is a function of bounded fluctuation on K , written f G BF^^^ (K), 
if there is a pairwise disjoint collection ICf ofV^ -subcubes of K such that 

f<y = 0, 

K 

f = ax' (a constant) on K' , K' & fCf, 

aK'\ > 1, K'elCf, 
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where 

ICf = {I e V : I C K and I ^ K' for any K' G /C/} 
is the corona determined by K and K, / . 

In the case 7 > 1 , we see that / is of bounded fluctuation on K if it is supported 
in K with mean zero, and equals a constant ax' of modulus greater than 7 on 
any subcube K' where E^, |/| > 1. Thus in the case 7 > 1, the collection of 
distinguished cubes is uniquely determined, but in general ICf must be specified. If 
we also require in Definition [21] that 

aK> > 7, K' e ICf, 

then we denote the resulting collection of functions by VBJ-'^J^ (K) and refer to 
such an / as a function of positive bounded fluctuation on K. 

3. Standard preliminaries and outline of the proof 

A by now standard reduction of our theorem is delivered by the following 
lemmas, that in the case of one dimension are due to Nazarov, Treil and Volberg 
(see |NTV4| and |Vol| ) . The proofs extend easily to higher dimensions and we will 
illustrate this by carrying out one typical estimate below. We note that it is here 
that the most restrictive condition is placed on a. In order to accomodate the fact 
that the Poisson kernel is just one power larger than necessary for integrability at 
infinity, we are forced to impose the restriction < a < 1. 

Lemma 24. Suppose T" is a standard fractional singular integral with < a < 
1. For f E (cr) and g E (w) we have 

J2 |(T;(AJ/),A:^g)J < + \\fhHa)\\9\\L^ 

{i,j)eVxV" ^ ^ 

2-n/i<i^i<2n/i 

J2 \{T:iA^,f),A-jg)J < ^A^+Ar\\fhH.)Mm.)- 

{I,J)GVxV" 
InJ=$ and 

Lemma 25. Suppose T" is a standard fractional singular integral with < 
a < 1, that all of the cube pairs (/, J) e I?'^ x D'^ considered below are good, that 
f G L'^ {(t) and g G L'^{uj), and that T and Q are a-Carleson and u-Carleson 
collections respectively. Furthermore, suppose that for each pair of cubes I G 
and J G , there are bounded functions 13 j j and 7/ j supported in I \ 2J and 
J \2I respectively, satisfying 

l|/3/„/IL'h/,jL ^ 1- 

Then we have 

(3.1) E 

InJ=li and |J|<2"'^|/| 



(t;(A-/),7,,j1jE-5) 

{i,j)ev''xg 

InJ=$ and |/|<2~''|J| 



{T:{p,^jli¥Ijf),A-jg) 



E 
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and also 



J2 \{T:{ljE-jf),A-jg)^ 



2-n^i<i^i<iJ'i 



E 

2-'-|J|<|/|<l^l 



|(r,"(A?/),ljE^5). 



Proof. We prove one of the estimates for the first term on the left side of 
p.ip . We spht the sum into two pieces, namely a long-range sum where in addition 
J n 3/ = 0, and a mid-range sum where in addition J C 3/ \ /. We illustrate the 
proof by estimating the long-range sum, namely we prove 



A 



long—range 



E 



{i,j)eJ^xT>'-' 

3/nJ=0 and |J|<2-''|/| 



< 



/^ll/llL^(.)llffllL.M- 



We apply the Energy Lemma to estimate the inner product (T^{(3 i jli),h^) ^ 
using u = Pj jlja and 2J n supp {f3j^j) — 0. Since \u\ < 1/cr < l/cr, the 

Energy Lemma applies to give, 



< a/|JLP"(J,1/^)<x/|JL|/| 



dist{I, J) 



n+l — a 



where we have used the inequality P"(J, l/c) < dist{i''j)"+i-° l^lo-' trivially valid 

— — 2 2 

when 3/n J = and |J|" < |/|". We may assume that ||/||i2(£r) — \\9\\l^{u) ~ ^■ 
We then estimate 



A 



long— range 



< 



< 



< 



^ ^ mf\{T^iPj^jij),h^)j{g,h':i)j 

-^^•^,7 : \J\i<\i\i -.distil, J)>\I\ 

J2 E mf\Jliu\i\ 



\f\JL\{9,K 



J : \J\~ <\I\~ -distil, J)>\I\ 



EliE?/l'I^L 



E 



J : |J|-<|/| n :ciist(/,,7)>|/| 



dist{i, jy^+^- 



V 



"LP 



E 



/eJP: \J\^ <\I\^ -.distil ,J)>\I\--. 
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where we have inserted the gain and loss factors 



|J|- 

|7|T 



±5 



with < ^ < 1 to 



facilitate application of Schur's test. For each fixed / e we have 



E 



J : \J\i<\I\i -.distil, J)>\I\ 



'\J}i 



\J\i 



/ 



< 



-kS 



fe=0 



E 



\J : 2'=|J|-=|7|-:dist(/,J)>|/| 
V- 1^1" 

dist(. 

\j : 2'«| Jn \ = \I\i -.distil, J)>\I\ 

which is bounded by 



dist{I, J) 



^ dist{I,J)^+^-" 



n+1 — a ' '"^ 



fc=0 



provided both < a < 1 and 5 > 0. For each fixed J we have 

-5 



E 



1 , , 1 



/GJ^" : I J|~<|/|~:rfzsi(/,J)>|/| 



E 



dist{I,J)"'+^-"y' 

1/ 



fe=0 

fe=o 



^ dist(7, J)"+i-« V ' 

leJ" ■■ 2''\J\Tt=\I\Tt-.dist{I,J)>\I\n 



E 



^ ^ ^ dist{i,JY+^- 

.I^F : 2'=| J|-=|/|-:£iisi(/,J)>|/|- 



E 



\leJ^ -. 2*=! J| n=|7| n :dMt(/,7)>|J| 

which is bounded by 



^ dist{I , JY+'^-°' 



E2-'=^^-^^P"(2'=J,-)^(^) 
fc=o 



V|2'=J|; 



fe=o 



|2'=J| 



< a/34? 

~ V "^2 ' 
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provided both < a < 1 and 6 < 1. With any fixed < (5 < 1 we obtain from the 
inequahties above that 



< 



2 



since we assumed ||/|j2^2(-CT) = ~ 1' ^'^'^ ^^^^ completes the proof of our 

estimate. 

The proofs for the other terms are similar. □ 

3.1. Outline of the proof of Theorem [3l The disjoint form Tdisjoint if ,9) 
in (jl.ip is now easily controlled by the strong A2 condition and the cube testing 
conditions: 

\Td^sJo^nt (/,.g)| < + + ^ + A^'*^ W/WlH.) MlHu.) ■ 

We will then show that after further corona decompositions, the near and far forms 
satisfy 

\Tnear {f,g)\ + \T far 



< (^^a + la.* + \JA^ + Ar + r + j . 

The bulk of the work in estimating the far form far here is taken up in 
proving the generalization of the Interwining Proposition in Section U] of Part 1. To 
estimate the near form Tmar here, we use the generalized Intertwining Proposition 
to reduce the generalized 6ilinear minimal bounded fluctuation condition (j4.10p 
to a similar inequality generalizing (II. ip . but for a nonlinear form B^top that is 
esssentially an analogue of the stopping term introduced by NTV in |NTV4) . Then 
we extend the argument of M. Lacey in jLac] to standard a-fractional Calderon- 
Zygmund operators in higher dimensions, using the Monotonicity Property and 
energy conditions, which hold because of our side assumption that the functional 
energy conditions hold. This will complete the proof of Theorem [3] 



CHAPTER 9 



Adapting the one-dimensional indicator /interval 

argument 

Here we adapt the arguments we need from Part 1 to higher dimensions. 

1. Intertwining proposition 

The results in Part 1 on intertwining estimates and functional energy extend 
almost verbatim to our setting in higher dimensions. We summarize here the 
main consequences for our fractional Calderon-Zygmund operator T", highlight 
the places where some minor change is required, and omit the remainder of the 
routine but lengthy verification of the details. Recall the definition of the 'mixed' 
form, 

B^^.,. (/, 5) ^ ^ ^ (^if^ ^-J 9)a , 

FeT' G~F {i,j)eC'^xC^ 

where we take the liberty of writing simply to denote the dual operator ((T")*)^ = 
(T^)*. We now show that the functional energy inequality (14.11) suffices to prove 
an a-fractional n-dimensional analogue of the Intertwining Proposition. 

Proposition 8. Let f — J^rer^Cf-f "^"^ .9 = J2g€G^c^9 ^ parallel 
Calderon-Zygmund corona decomposition for f £ {a) and g £ (w). Then 
(1.1) 

(i=^,G)eFar(J^xe) 
GCF 

where is the cube testing constant Jar . There is of course a dual formulation 
with F cG. 

Proof. The proof is essentially the same as in the one dimensional case since 
we have the Monotonicity Lemma at our disposal. We content ourselves with a 
review of those portions of the proof in the case of dimension n — I that involve 
either the Monotonicity Lemma, functional energy or the energy condition. We 
begin with the estimate (jl.lOp at the end of the proof in Part 1. With notation as 
in that proof but with the obvious modifications to higher dimension, we write 

n 

fe=i 

a6r„ 
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Note that hW^^^^) « \\9\\l^(u) ^^d that [J,a) > for aU J e V"^ and a £ 
r„. If we denote by J* the unique cube in A4 (F) containing J, then from the 
Monotonicity Lemma we have 



(1.2) 



< j:\riJ)\ E Y.\{^"AiK,F\f\)i..F\F),hr)j 

Jev^ F&r-. G{j)(iF aer„ 

(F,G(J))GFar(J^xe) 

JeC- FGJP: G{J)CF ' ' 

(i=",G(J))eFar(J=-xe) 



E E 



^> E rH^"!-^*' E (E:.Fl/l)i..n 

^: JCJ* / ' ' \ FeJ^: K'gF 



KeJ= j'eM(K) \ j<^V': 

7rj.G{J)=K 

KeJ^ j*eM(K) ^ ' ' ' " 

where the collection of functions 

gK= ^"ff' 

JS'D'^ 
7r^G(J)=if 

is J^-adapted as in Definition [T71 above. Indeed, for J S and ttjtG (J) — K we 
have gK {J,a) =g {J,a) > 0, and the orthogonality property 

(1.3) {9K,gK')^ = 0, K,K'eT, 

holds since if J e Cq, J' G Cc and TrjrG 7^ ttjtG', then J ^ J' . Note also that we 
have the property 

= E i(5,/^j)jE(^,/^r) >o. 

1"^ I JSP-: JCJ* fc=l I 

7r^G(J)=K 

Finally, property (3) of Definition [17] holds with overlap constant G = 2. Indeed, 
if J* C / C F with J* e J* (F), there are two possibilities: either (i) G(J*) C / 
or (ii) I ^ G (J*). In the first possibility we have F = -F'g(J') ^-nd it is now easily 
seen that the J* in case (i) are pairwise disjoint. In the second possibility, we have 
G(J*) = G(/), and again it is easily seen that the J* in case (ii) are pairwise 
disjoint. 

Since J- is cr-Carleson, we can now apply the functional energy condition ()4.ip 
to the right side of (|1.10p with the choice h = M.af ■ We have the maximal function 
estimate, 

I|/^IIl^(.)<II/IIl^(.), 
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and so altogether we obtain that the right hand side of (|1.2p satisfies 

/ U) 

-I 1/2 



E E 



a; 
IJ*' 



< 



< 



T\\h\\ma) 

rii/iiL^(.)ii3iiL^M < rii/iiLV)ii3iu^M' 



by dSI and (fOll . 

Similar considerations apply to the analogous inequalities (jl.lSp and (|2.15l) for 
the mixed form B^^^ (/, g) and the general stopping data case, and show that the 



analogues of these inequalities hold assuming only J and Tq. 



□ 



We will also need the following generalization of the Intertwining Proposition 
to parallel corona splittings that use general stopping data. The proof is the same 
as in Part 1 with the modifications described in the proof above. 



Proposition 9. Let 

(r;(/),.9L 



(/: 5) + Tdjsjomt (/, g) + T/ar (/, 5) 



he a parallel corona splitting as in W.6]) of the bilinear form {T^f,g)^ with stopping 
data J- and Q for f and g respectively. Then holds. 



2. Bounded fluctuation decomposition 

As in Part 1, we apply different corona decompositions in succession to the func- 
tion f G (cr), gaining structure with each application, but only two are needed 
now instead of three; first to bounded fiuctuation for /, and then to regularizing 
the weight cr. The same is done for g E {to). Continuing as in Part 1, we combine 
these decompositions for / and g into a double parallel corona splitting to which 
the Iterated Corona Proposition and the Intertwining Proposition apply. We begin 
with the first corona decomposition that will produce functions of bounded fluctu- 
ation. We remark that there is no theory of minimal bounded fluctuation in higher 
dimensions, and hence no possibility of obtaining the associated corona decomposi- 
tion. However, the stopping time and recursion of M. Lacey |Lac| circumvent this 
omission. 

Recall Definition [211 Given 7 > 1, a cube K e and a function / supported 
on K, we say that / is a ^-simple function of hounded fluctuation on K, written 
/ S SBJ-^^^ (if), if there is a pairwise disjoint collection K, of 2?°'-subcubes of K 
such that 

/ = X! °'K''^K', 
K'eic 

o-K' > 7, if ' G /C, 

wj." ^ '"'^^ 

where 

£ = {i e 2?'" : i C if and i ^ is:' for some K' e IC} . 
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Using the facts that Jj \ f\<T < 1 for I e K. and // I/I > 7 foi' / e /C, it 
is easy to see that the coUection JC is uniquely determined by the simple function 
/ of bounded fluctuation, so we will typically write /C/ for this collection when 
/ e SBTi^^ [K). Note that functions in SBF^^^ (K), unlike those in SJ-^"^) (K), 
do not have vanishing mean. 

Lemma 26. Suppose that T is a stopping collection for f E (cr) with Calderon- 
Zygmund stopping constant Co > 4. Given 7 > 1, there is for each F ^ T a 
decomposition, 



(2.1) 



1 



(Co7 + 7 + l)E?,|/| 
1 



(P2./)i + (P2./)2; 



< 1? 



(Co + l)E- I/I 
In particular, we have 

- (Co7 + 7 + l)(E?^l/l) /io + (Co + l)(E?,|/|) /ii; 
h, e BFi^^F), ^ = l,2. 

The proof is virtually identical to that in Part 1, and we repeat it here in 
due to its significance. 



Proof. To obtain (|2.ip . fix F e for the moment, and write 

p?./ = 1j?p?./ + 1fP2./. 

where 

F = F\Fa.nAF= |J F' . 

F'e€iF) 

Then if a; € -F we have 

where K (x) is the smallest child of any cube in the corona Cp that contains x. 
Thus 

(2.2) \P"cJi^) 1f(^)| = lp(x)<(Co + l) E-l/l lp(x), 

where Co is the Calderon-Zygmund stopping constant, and 

Now let 

€h^g (F) = {F'e<t (F) : IE?.,/ - E?./| > (C07 + 7 + 1) E?. |/|} , 
set Csmaii {F) = £ (F) \ Cbig (F), and then define 

(P2./)i - lpP^cJi^)+ E (E?.,/-E?,/) 1^,, 

F'ee%,„„„(F) 

(P2./)2 ^ E (Ef'/-E?./) Ifs 

F'eCiigiF) 
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to obtain the decomposition (jl.ip . 

Indeed, from ()2.2p and the definition of €smaii (F) we have 

|(P?,/)J < max|||P2^/(x) sup |E?./-E?,/| 

[ ^ F'e€s„,aii{F) 

< (Co7 + 7 + l)E?^l/|. 

To see that (^Co+m" I/I ('^Cf/)2 ^ ^'^-^'^ (-^)' ^^^"^ ^ C such that / ^ i^' for 
some F' G C^ig (F). Then we have 




where Co is the Calderon-Zygmund stopping constant. On the other hand, for 
F' e Cbig (^'), we have 




= |E?./-E?,/| > (ao7 + 7 + l)EFl/|-E?^l/l 



= (Co + l)(E?.|/|)7. 

□ 

3. The energy corona and stopping form decomposition 

In order to proceed with cube size sphtting we must also impose an energy 
corona decomposition as in |NTV4j and [LaSaUr] . Recall the energy E(/, w) of 
a measure w on a dyadic cube I is given by 

where the second equality follows from the fact that the Haar functions {^/'"j j^/ ae 
form an orthonormal basis of {/ G (uj) : supp/ C / and / fduj = O}. Recall also 
that J (B I means J C /, \J\ < 2^^ |/| and that J is good. 

Definition 23. Given a cube So, define S (Sq) to be the maximal subcubes 
I C So such that if Ai (/) is the partition of I into maximal deeply embedded 
subcubes J <s I , then 

(3.1) E |JLE(J,^f P"(J,lso^f >10(n' |/|., 

JeM{i) 

where £" is the best constant in the energy condition 
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where ^^^2/ subpartition of I . Then define the a-energy stopping cubes of 

oo 

So to be the collection S — [J 5„ where Sq — S (So) and Sn+i — \^ S (S) for 

71 > 0. 

From the energy condition we obtain the cr-Carleson estimate 

(3.2) J2 \SL<^\Il, I^-D". 
seS: sci 

We emphasize that this collection of stopping times depends only on 5*0 and the 
weight pair (cr, w), and not on any functions at hand. There is also a dual definition 
of energy stopping times T that satisfies an w-Carleson estimate 

(3.3) I^L<2kL, ^eP". 

TeT: TCJ 

Finally, we record the reason for introducing energy stopping times. If 

(3.4) X" (Cs)'^ sup ^ Yl |JLE(J,^)2p"(J, W 

is (the square of) the a-stopping energy of the weight pair {(7,lu) with respect to 
the corona Cs, then we have the stopping energy bounds 

(3.5) X" (Cs) <VTO£", SeS, 

where the energy constant is controlled by our side assumption that the func- 
tional energy constant is finite. Later we will introduce refinements of the stop- 
ping energy that depend as well on the Haar supports of the functions / g (cr) 
and g € (lu) at hand. 



4. The parallel corona splitting of the double corona decompositions 

In Part 1 we used a triple parallel corona in order to further reduce matters to 
minimal bounded fluctuation. But in order to apply Lacey's argument from |Lacj 
there is no need for miminal bounded fluctuation, and in any case, as mentioned 
above, there is no theory of minimal bounded fluctuation in higher dimensions. Here 
is our double corona decomposition of f £ (ct). We first apply the Calderon- 
Zygmund corona decomposition to the function f G L'^ (a) obtain 

We then finish our double corona decomposition of / in (|4.1I) as follows. For each 
fixed F e J-, construct the energy corona decomposition {Cs} seS{F) corresponding 
to the weight pair {a,uj) with top interval 5*0 = F, as given in Definition [TTl 

We then define stopping data {as{F) i^)} seS{F) ^'^^ function Peg. / relative 
to the stopping times S {F) as follows. For F e F define 

as(F) iS) = 2a^ (F) for S e S {F) . 



Just as in Part 1, properties (2) and (4) of Definition [T] are immediate. 



4. THE PARALLEL CORONA SPLITTING OF THE DOUBLE CORONA DECOMPOSITIONHl 



At this point we apply Lemma [T] to obtain iterated stopping times S {J-) and 
iterated stopping data {^^(jr) i^)} ses{J^)' This gives us the fohowing double corona 
decomposition of /, 

(4-1) / - Ep2j/=E E ^k^hf 

FeF FeJ^ ses{F) 

^ E f^cgncj./^ E '^Cf/. 

as weh as a corresponding double corona decomposition of g, 

(4.2) 9 = EPcgff^E E Pc^PcgS 

Gee GeeTer(G) 

~ E ^c^nc^d — E ''c^iS- 
Ter{G) Ter(e) 

We emphasize that the energy coronas S and T are independent of each other, in 
contrast to the usual constructions in |NTV4j and [LaSaUr] . where T is derived 
from S. 

Now we apply the parallel corona splitting as in (ll.ip corresponding to the 
double corona decompositions (|4.1I) and (14.21) . We obtain 



(T^Lg)^ = EEEE(^"(PcsP?j/),Pc^Pcs5 
fgj^sgs Gea Ter 

= EE(^"Pcf/'Pc?ff 
- EE(^"(p2^/)'Pcs5)^ 

= Tnear {f,g) +Tdz sjoint 

where 

A = SiJ') and B = T{g) 
are the double stopping collections for / and g respectively. We are relabeling the 
double coronas as A and B here so as to minimize confusion when we apply the 
various different estimates associated with each of the two corona decompositions 
of / and g. We now record the two main facts proved above. 

Lemma 27. The data A and {a^{A)}^^^ satisfy properties (1), (2), (3) and 
(4) in Definitionl^ and similarly for the data B and {B)} g^j^- 

Thus we can apply the Iterated Corona Proposition [1] to the parallel double 
corona decomposition (jl.ip : 

{T^fi = '^near (/, ff) + T disjoint (/, + far (/, S) ■ 

The result is that 

|T/a. if,g)\<m'S^)\\f\\m.)\\g\\mu)- 

Moreover, Lemma [5] implies 

\Td^sJo^nt {f,g)\ < (0TX2J„) \\g\\^,^^^ , 

and so it remains to deal only with the near form Tnear if, g)- 
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We first further decompose Tnear if, g) into lower and upper parts: 



(A.B)eHe3r(Ay.B) (yl,_B)GNear(^xe) 
BdA AdB 

~^ near lower {f 7 9^ ~^ ~^near upper {f: i?) 5 

near lower if , g) = {"^" '^C^ '^^^'i ^/ 

AeA 

QfX ^ E ^here C'X^ \J C%. 

jpCa BeB: BCA 

{A,B)eNear{AxB) 

Thus we have that Q~ = ^ BeB- bcA is the projection onto all of the 

'^-^ {A,B)eNear{AxB) ^ 

coronas for which B is 'near and below' A. By symmetry, it suffices to consider 
the lower near form Tnear lower { f,g)- For this term we need a further decomposi- 
tion and another application of functional energy. 

5. A further application of functional energy and cube size splitting 

In order to continue the proof of Theorem [3l we make a further decomposition 
of the near term Tnear {f,g) in ()l.ip . This decomposition occurs in Lacey |Lacj . 
as well as in unpublished papers of the authors and M. Lacey where the term 
'^near lower (/' ff) below is referred to as the 'bottom term', and was handled there 
by functional energy (aka strong energy inequality) at a time before it was known 
that functional energy was controlled by A2 and testing in dimension n ^ 1. We 

write T near (/; <?) — T near lower {f, g) "t" Tnear upper (/; .f?) whcrC 

Tnear lower [L g) — E ("^" ('^Cj?/) ' ^Cg9)uj ' 

(F.G)eNear(rxG) 
GCF 

and the sum above is over pairs {F, G) 'm T x Q such that GhF, i.e. 

G C F and there is no Fi e J" \ {F} with G C Fi C F. 
Now for GhF we further decompose 

JeCa Jecgncj, jGCg\cj, 



and then 



if,g) = E(^"(P?./)'Pco5L 

GhF 

= E i^cj) - Pcgncjs)^ + E i^U) ^ Pcs\c^5 

GhF " GhF 

^ jrnain f /• „\ i jpara , r \ 

near lower \J ' ^ / ' near lower v-' ' ' 

The form T^"™ lower if' d) '^^^ be handled by the functional energy condition by 
applying the Intertwining Proposition. The remaining form 

(5-1) near lower if ■> g) = E ("^" i^Cpf) ' ^^CgnCJ-S 

GhF 



5. A FURTHER APPLICATION OF FUNCTIONAL ENERGY AND CUBE SIZE SPLITTINGIS 



retains the bounded averages condition from the telescoping property of Haar pro- 
jections. Indeed, the children F' of F do not occur among the cubes Ij for I E Cp 
and J E Cq with J I. Recall that Ij is the unique child of / containing J. 

5.1. Cube size splitting. At this point we apply the cube size splitting of 
NTV described in dimension n = 1 in Section |6] of Part 1. The arguments there 
carry over easily to higher dimensions and reduce matters to the stopping form 
(5.2) 

B.top (/, g)^Y. E i^l f) (t:^s\i., , ^jg)^ ^ E ^itop if, 9) ■ 

leJ^ J: J^I and IjfS leT 

It is to the form ^Itop if, 9) that we will apply the argument of M. Lacey in [Lacj 
in the next chapter to prove the inequality 

(5.3) \BLp{f,9)\<\\f\\LHa)\\9\\LH^) , ^e-F. 

The bounded averages of / in Bstop (/, g) will prove crucial in the Straddling Lemma 
below. 



CHAPTER 10 



The stopping time and recursion of M. Lacey 

In this final chapter we reproduce the argument of M. Lacey in [Lad in the 
setting of a general a-fractional Calderon-Zygmund operator T" in M" using the 
Monontonicity Lemma. While this reproduction is essentially verbatim, the argu- 
ment is subtle and technical, and we give a detailed account of Lacey's argument 
below, along with a number of cosmetic changes. 

1. Additivity of projections 

Recall that the energy condition 

oo • °° 

J2 \Jnl E iJ^,u;f P (J„, liaf < (aiT2J) |/|, , U„^/" ^ ^' 

n=l 

could not be used in the NTV argument, because the set functional J — )• \ J\^ E (J, w)^ 
failed to be superadditive. On the other hand, the pivotal condition of NTV, 

oo • °° 

J2 \JnL P {Jn, licrf < \Il , [j^^^Jn C /, 

succeeded in the NTV argument because the set functional J — > | is trivially 
superadditive, indeed additive. The final piece of the argument needed to prove the 
NTV conjecture was found by M. Lacey in [Lac], and amounts to first replacing 
the additivity of the functional J — )■ |J|^ with the additivity of the projection 
functional 

2 

Ken 

defined on subsets H of the dyadic grid I?, which was introduced above in the 
definition (j2.2|) of the generalized energy E-u {J,uj)'^ . Then a stopping time argument 
relative to this more subtle functional, together with a clever recursion, constitute 
the main new ingredients in Lacey's argument [Lac]. 

We now complete our extension of the NTV characterization for the Hilbert 
transform to the vector of a-Riesz transforms in n-dimensional Euclidean space E", 
using the Monotonicity Lemma and energy conditions, which follow from our side 
assumption that the functional energy constants are finite. Recall that we earlier 
combined this with an extension of the double corona decomposition in Part 1, 
and we are now left with adapting the clever stopping time and recursion used to 
obtain the NTV conjecture for the Hilbert transform by M. Lacey in [Lac]. This 
adaptation is virtually verbatim, except for cosmetic changes in the argument. The 
presence of the fractional parameter plays little role in this argument, save through 
its appearance in the fractional energy condition. 



n 



\Pnx\ 



Ken 



K 
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To begin the extension to a more general Calderon-Zygmund operator T", we 
also recall the stopping energy defined in p.4|) , but generalized to higher dimensions 

by 




What now follows is a near verbatim adaptation to higher dimensions of the argu- 
ments of M. Lacey in [Lac]. 



2. The stopping energy 

The following generalization of the stopping energies (/, g) and X {Ca) will 
be used below. Suppose that P is a subset of the product space V xV oi pairs of 
dyadic cubes in M" . We say that V is an admissible collection of pairs for a dyadic 
cube A if 

• J (E / C A for every (/, J) e V, 

• if /i C h and both (/i, J) and [h-, J) e V, then (/, J) e P for every 
/ in the geodesic [/i, = {/ G X> : /i C / C h}- 

For an admissible collection V let -kxP and -niV be the cubes in the first and 
second components of the pairs respectively, and set 

t:\V = {J e7T2V : J Cl} . 

Note in particular that 712!^ could be much larger than the projection ^2!^' of the 
collection of pairs = {J £ 112^ ■ {I, J) G V} onto the second coordinate. The 
definition of the 7^-stopping energy on A is motivated by the Monotonicity Lemma 
and the energy condition, 

which holds because of our assumption that the functional energy constant JJ" is 
finite. Recall that is defined in (g^J by 

(^"f=Bup^ sup f f ^^^^^y E c-^)' • 

We now define 

(2.1) S-AiVf ^ sup ^( "^"^'''.^^^"M 



2 

2 



1 /^ P"(/,l^ya) , 

sup — — \\p-2v^\\mu 



where we recall that a projection P■^ on x satisfies 

n n 

iip«xiii.(.) = EE E K^^'^^DJ'^ EEK^^'^r%r« E^"(^)' 

je-H^=iaer„ Jen i=i Jen 



Remark 15. This functional £^ (V) is the size ofV in Lacey [Lacj w/ien n — 1 
id a — 0. 
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Note that by the stopping energy control for the form Bstop (/, g) associated 
with A, we have that the energy constant bounds (V), so that we have the 
fohowing inequahty. 



Lemma 28. 



£1 CPf ^ (S^f 



Now define an atomic measure uj-p in the upper half space M" by 
SO that 

n 

Then if we define the tent T {K) over a cube K to be the convex hull of the n-cube 
K X {0} and the point {ck, \K\) e M"+\ we have 

Thus we can rewrite the P-stopping energy (|2.ip as 

(2.2) S^i-Pf^ sup J^f^lilllpid] u;p(T(/)). 

Remark 16. In the case a = and n = 1, when written in the form 

8a (V) = sup <^ -2 \ , 

the V -stopping energy 112. 1\} can be viewed as a strong variant of the A2 condition. 
Indeed, the ratio inside the braces is a product of a a-meaure quantity P (/, l^ycr) 
associated with I and an u-measure quantity uj-p (T(/)) associated with I, all di- 
vided by the square of the Lebesgue measure of I . The factor outside the braces 
measures the dispersion of a outside I . 



3. The recursion 

If V is an admissible collection for a dyadic cube define the corresponding 
stopping form B^^^p = B^^'^p as in Bf in ([S^) by 

Blp(/,5)^ {EJ A^jf) {T^lAM,A-jg)^, 

where ttI is the parent of / in the dyadic grid D. In the notation for B^j^^jWe 
are omitting dependence on the parameter a, and to avoid clutter, we will often 
do so from now on when the dependence on a is inconsequential. Note that in 
the sum above we have reindexed the notation for the parent/child pair (/, /j) to 
(ttJ, J). We are also suppressing the sum in a G r„ that parameterizes the 2" — 1 
Haar functions associated with each J. Following Lacey [Lac], we now claim this 
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proposition, which easily proves the inequahty (|5.3p by recursion, followed by an 
application of Lemma [28l Let 

^Sop = sup I B^j„p (/, g) I 

ll/IL2(^,=ll5lL2(^)=l 

denote the norm of the form B^^p. 

Proposition 10. (This is the Size Lemma in Lacey [Lac) ] Suppose e > 0. Let 

V he an admissible collection of pairs Jor a dyadic cube A. Then we can decompose 

V into two disjoint collections V = pbig ^jp small ^ further decompose T?'*™"" 
into pairwise disjoint collections small ^-p small j:) small j 



V 



such that the collections V^^^ and T?!'"'^" are admissible and satisfy 

(3.1) SUpf^ ^psmall^ < (p)2 ^ 

and 

(3.2) Oir^op < C.EIivf + {i + V2) sup </:7" . 

Proof. Let ivV = ttiP U tt2P denote the collection of all cubes occurring in 
the pairs in V. Begin by defining the collection K. to consist of the minimal dyadic 
cubes K in nV such that 

1 / P" {K, ^ ' 



\K\ 



\K\ 



{T{K))>eE'X{VY 



A key property of the the minimality requirement is that 

W\a \ \K'\~ ) 

for all K' e ttP with K' '^K &vAK^ JC. 

We now perform a stopping time argument 'from the bottom up' with respect 
to the atomic measure u-p in the upper half space. This construction of a stopping 
time 'from the bottom up' is the first of two key innovations in Lacey's argument 
[Lac] ■ the other being the recursion described below. 

We refer to K, as the initial or level generation of stopping times and denote it 
by £o ■ Choose p > 1 which we will fix at the end of the proof. We then recursively 
define a sequence of generations {^Cnj^g by letting Ln consist of the minimal 
dyadic cubes L in irV that contain a cube from £„_i such that 



,L'e£„_i: L'Ci 



We now define the collections p"™"" and Vt'^ for t > 2. First, let £ = |J C,, 



n=0 



be the tree of stopping energy intervals defined above, and for L £ C, denote by Cl 



3. THE RECURSION 



119 



the corona associated with L in £. Then for L <E Ln and < i < n define 

VL,t = {{I, J) eV : I eCl Bind J e Cl' for some L' e ., 

In particular, (/, J) g VL,t implies that / is in the corona Cl, and that J is in a 
corona t levels of generation below Cl- For t ~ we further decompose Vl,o as 

P£7" ^ {{I,J)eVL.^:I^L}, 
^ {{I,J)^Vl,o:I^L}. 

Then we set 

lLe£ J [t>iLe£ 
jjsmaii ^ ^sma/;^ after relabeling. 

Note that we have omitted the exceptional pairs (/, J) in 

^except ^V\\J\J VL,t 

Lec t>o 

for which / is not in any corona Cl; but estimating these exceptional pairs is no 
harder, see [Lac] for details in the one-dimensional case, and the ideas carry over 
without difficulty here. So it remains to prove the inequalities p.ip and (|3.2p . 

To prove the inequality p. II) , it suffices with the above relabelling to prove the 
following claim: 

(3.4) £2 [nT'f < (P - 1) i-Pf , LeC. 

To see the claim, suppose first that L — K €z Cq is an initial generation interval. 
Then for every pair (/, J) e 7?£™'»" we have from jHS]) that 

SI {Vrrf < sup -i- {K',lA\K'a) \ ^ 
k'cCk\{k} \K'\„ \ \K'\^ J 

Now suppose that L e for i > 1 and pick a pair (/, J) e T^^™"". Then both / 
and J are in the strict corona Cl\{L}. By the definition of stopping times, 

ojv (T (K)) <pojrl U T (L') , K ^ L. 

\L'eCt-i: L'CK J 

Now we use the crucial fact that uj-p is additive to obtain 

LOv\TiK)\ y T(L')] = CUV {T{K))- curl \J T {L') 

\ L'eCt-i: L'CK J \L'eCt-i: L'CK 

< {p-l)ujvl U T(L') 

\L'e£t^i: L'CK 
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Thus we have 

{' L,0 ) — sup 



KeCr^\{L} \K\ 



< sup 

KeCL\{L} 



< sup 

KeCL\{L} 




and this completes the proof of (|3.4p . hence also of (I3.ip . 

To prove the other inequality p.2p . we need a lemma to bound the norm of 
certain stopping forms, and we interrupt the proof to turn to this matter. □ 

3.1. The straddling lemma. Given a collection S of pairwise disjoint cubes 
in A, and an admissible collection of pairs V for A, we say that V straddles S if 
for every pair (J, J) G "P there is S G S Ci [J, I] where [J, /] denotes the geodesic 
in the dyadic tree D that connects J to /. Such a 'stradding' collection occurs in 
the recursive proof of Proposition |6] in the section on boundedness of the AiBJ-/L^ 
stopping form in Part 1. 

Lemma 29. Let S be a subpartition of A, and suppose that V is an admissible 
collection of pairs for A that straddles S. 

(1) We furthermore suppose that one of the following cases holds: 

(a) Case in: for each pair (J, J) € V we have 

(3.5) J (E S* whenever J d S; 

(b) Case out: for each pair (/, J) Cz V we have 

(3.6) S <s I whenever S d I. 

(2) Then we have the stopping form bound 

mV <r^/ VinC^^S) in Casein 

where 




ry„,, {V, Sf ^ sup ^ I ' \ > ' > ' |(x, hT)^ 



ses 



\S\ 



Note that in the definition of {V; 5)^, unlike in the definition for r|^^^. {V; 5)^ 

and the stopping energy £a {V)^ , the fractional Poisson term (•^■J-Mso') (jgpgj^jjg 

I " 

on J and so occurs inside the sum over TrfT^, accounting for the terminology. 
Of course, we trivially have 'n^^^^{V;S) < (P), noting that we are omitting 
dependence of r;i„/ou(. on a. The proof below of Lemma [29l follows that of a similar 
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result in previously unpublished work of the authors with M. Lacey on the restricted 
weak type inequality for the Hilbert transform. 

Proof. We begin by writing 

Jen2'P aer„ 

where = J2 ^^-if^ ■ 

le-rriV: (I,J)eV 

By the telescoping property of martingale differences, together with the bounded 
fluctuation property of /, we have 



(3.7) 



\^j\<a{A). 



Now since J <£ S, we can apply the Monotonicity Lemma |31 and then use this with 
([3?7)) and 

/ A ijj,a \ 111 ijj,a\ 1 uj,a\ / i ijj,a\ / i ijj,a\ 



to estimate 



I ^Zop ifi g) I 



\se5jG7rf-p \ Mr / aer„ 



< «(^)ME E 



' P°(j,l^\ga) 



E K-'^^r) 

aer„ 



E E EK5-^ 



Thus in the in case p.Sp we have that | B^j^^ (/, g)^ is bounded by 

"(^)^fEi^J^ E ( '°^;;;f^^^ )^EI(x>rL 

Vse5 [I'^l-js.fpV 1^1" / aer„ 

xfEEK^^'^^nr) 

\Je-Paer„ / 

< a {Af ryi„ {V; S f ( ^ |5| J < ^in {V; S f a {Af /3 \Al \\g\\l.^^^ 

\ses ) 



and this completes the proof of the lemma in the in case p.Sp . 

In the out case (|3.6p we must exploit the assumption p.6p by considering the 
collection /C of minimal cubes K G irfV. Then each € 5 is contained in a unique 
K & JC, and moreover S <^ K. Thus for each (/, J) e T', there are unique cubes 
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S G S and K <E K. with J C S K C I. Then from the Poisson inequaUties 

P" (J, lA\ia) ^ P" (J, 1a\k<j) < P" (g, lA\K'y) ^ P" jS, 1a\s^) 
|jr " |J|" ^ 1^1" " \S\^ 

(where the middle inequahty holds because J C S <£ K) we obtain that jB^top (/, g)!^ 
is bounded by 

S "(•^j'EmJijir E ( P°(^'W') )\,(T(5))l|Hli. 

KeK [' ''^ Se5: SCA" \ Pi" / J 

< a (A)^ ( ^ |i^| J %ut Sf < 77o„t Sf a {Af /3 jA^ ||g| 



< a 



2 



This completes the proof of Lemma [29l □ 

3.2. Completion of the proof. Now we return to the proof of inequality 
([3^ in Proposition [TOl 



Proof, (of ^J^): Recall that 

-p'-' = I u ^l:o| u I u u 1 - 2o'' u 2?^'; 

Le£ t>i 

We first consider the collection Qq*^ = (J o' ^'^"^ decompose it as 



oo 



2o'^ = U U - U 

71=0 {LeC„ J n=0 

T^b., ^ U Vi^^„ , n>0. 



Lec„ 



We first claim that 



(3.8) J < C£2 {V) , n>0. 

Indeed, let n > and consider L G Cn- Let be the collection of maximal good 
subintervals of L that lie in 'K2V; i.e. M is in if M e ttj M L and if there 
is no interval J G ttj P with J ^ M. We now apply Case in of Lemma [29] with 
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S = Cn to obtain 



<S < Crj,^{Tl':^;IC)=C sup 

Le£„ 



\ 



< C sup 



< C sup 



< C sup 
Lec„ 



< C sup 



\ ' A/eM*^ jett^V: ./cm 



P" (J, lA\LfT 



/ aer„ 



\ 



1 



E 



E K^'^' 



aer„ 



\ 



1 



1 / P" {M, 1a\m<J 



Ml 



\M\-' 



\ 



jlri E mM^irf <C£%iV). 



This completes the proof of p.Sp . Finahy, we observe that the conections TZ^^ are 
mutually orthogonal, i.e. 

T^n' C [J {ClX Cl} = An , 

Ai n Ai' = 0, ny^ n', 
and a simple orthogonality argument, see [Lac] . then shows that 



n>0 



Now we turn to the collection qJ'^ = |^ pf'^ ~ U U ^^>*' ^^'^ further 
decompose it as 



t>i 



t>i Lec 



i>l Lec 



big. 
t I 



t>i 



t > 0. 



Lec 



We claim that 
(3.9) 



Note that with this claim established, we have 

■>^stop — ■'^stop ^ -"-stop — •'^stop ^ 2-^ •'^stop — '-^p'^A \ ' ) 1 

which proves p.2p . Now the proof of Proposition[in]is completed by taking p = 1+e. 



J / 



124 



10. THE STOPPING TIME AND RECURSION OF M. LACEY 



Thus it remains only to show that p.9|) holds. The cases 1 < < < r + 1 can be 
handled with relative ease, see |Lacj . so we consider only the case t > r + 2. In this 
case we can further decompose S^^^ as 



CO I 1 oo 



s'r = U = U U = U 

LeC n=r+2 [leC^ ) n=r+2 







V \J\- , 


/ aer„ 



We now apply Case out of Lemma [551 to S^ ^^^ with S = Cn-r-i to obtain 

(3.10) < C77out /:„-.-i) , t > 0. 

Finally, fix 5 € with L E C^, and use the fact that L' lies at least r coronas 
below S, i.e. L' £ Ck with /c < n — r, to obtain that L' is a good subcube of 5, 
hence a Whitney subcube of S*, and so satisfies the Poisson estimate 

Thus we compute 

— y 

\s\ ^ 

= ^ E E — ^1 — EK-'^. ) 
- w ^ 

' ''^ L'e£„-.: L'<ZS 

Now a simple induction on levels yields 

E EK-'/^rLi' < -^1 U T(L") 

< p-(*-'-)c^p(T(L')), i>^ + 2, 

and so altogether we have 

^ E (£^)"i:i<x,.rLr 



/P" (L',l^\i,a) 


)1 ^ 


E K-'^^DJ 






'9 aer„ 



< 
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We conclude that 

and combined with 13.101 this gives p.9l) , which as we pointed out above completes 
the proof of Lemma [TUl □ 

This finishes our reproduction of Lacey's proof of the stopping form estimate 
(|5.3p . The proof of Theorem [3] is complete. 
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